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Abstract
Toward the complete classification of poly-Z group actions on Kirchberg algebras,
we prove several fundamental theorems that are used in the classification. In addi-
tion, as an application of them, we classify outer actions of poly-Z groups of Hirsch
length not greater than three on unital Kirchberg algebras up to KK-trivial cocycle
conjugacy.
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1 Introduction
The present paper is a continuation of the work in [9]. Our aim is to classify group
actions on C∗-algebras up to cocycle conjugacy. In the setting of von Neumann algebras,
a complete classification is known for actions of countable amenable groups on injective
factors ([12, 20]). However, classification of group actions on C∗-algebras is still a far less
developed subject, partly because of K-theoretical difficulties. The present technology in
the realm of C∗-algebras does not allow us to attempt to classify actions of all amenable
groups on all simple nuclear C∗-algebras. Thus, we need to restrict our attention to certain
reasonable classes of groups and algebras.
Kirchberg algebras form one of the most prominent classes of C∗-algebras from the
viewpoint of the Elliott program, which aims to classify all separable simple nuclear C∗-
algebras up to isomorphism by invariants coming from K-theory. In fact, Kirchberg alge-
bras are completely classified up to (stable) isomorphism by KK-theory ([14, 24, 26]). It
is then natural to study group actions on Kirchberg algebras. The first result in this direc-
tion was obtained by H. Nakamura [23]. He showed that outer Z-actions are completely
classified by their KK-classes up to KK-trivial cocycle conjugacy, following the strategy
developed by A. Kishimoto in his pioneering works [15, 16, 17, 18]. On the one hand,
the first-named author [6, 7] completely classified finite group actions with the Rohlin
property on Kirchberg algebras. However, unlike the Z case where the Rohlin property is
automatic, there exist several outer finite group actions without the Rohlin property. For
example, the Cuntz algebra O2, which is KK-equivalent to 0, admits uncountably many
outer actions of Z2 that are not cocycle conjugate to each other, while the action with
the Rohlin property is unique. Such a phenomenon does not appear in the context of von
Neumann algebras, and arises from the difficulties of topological nature of finite groups.
Indeed the classifying space of a non-trivial finite group is never finite dimensional. On
the other hand, after the second-named author’s prior work [21], we proved that outer ZN -
actions on strongly self-absorbing Kirchberg algebras satisfying the UCT are unique up to
cocycle conjugacy, and also succeeded in classifying locally KK-trivial outer Z2-actions on
Kirchberg algebras in [9]. The classifying space of ZN is TN , a very nice finite dimensional
topological space, and the results obtained in [9] suggest the possibility of generalizing
them to a larger class of discrete groups whose classifying spaces are well-behaved enough.
From this perspective we make the following conjectures, which are slightly strengthened
versions of those given by the first-named author [8].
Conjecture 1.1. Let G be a countable torsion-free amenable group and let D be a strongly
self-absorbing C∗-algebra. There exists a unique strongly outer action of G on D up to
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cocycle conjugacy.
Conjecture 1.2. Let G be a countable torsion-free amenable group and let A be a uni-
tal Kirchberg algebra. For outer actions α, β of G on A, the following conditions are
equivalent.
(1) α and β are KK-trivially cocycle conjugate.
(2) There exists a base point preserving isomorphism between Pαs and Pβs .
Here Pαs denotes the principal Aut(A ⊗ K)-bundle over the classifying space of G
associated with the stabilization αs : G→ Aut(A⊗K). Our goal is to give an affirmative
answer for Conjecture 1.2 in the case that G is a poly-Z group (see Section 2.2 for its
definition), and it will be carried out in our forthcoming paper [11]. In this paper, as a
preliminary step toward this goal, we establish a sufficient condition implying KK-trivial
cocycle conjugacy between poly-Z group actions. Namely we prove the following.
Theorem A. (Theorem 6.4). Let µG : G y O∞ be an outer action of a poly-Z group
G and let A be a unital separable C∗-algebra. Let (α, u) : G y A and (β, v) : G y A
be cocycle actions belonging to AC(O∞, µ
G). Suppose that there exists a family (xg)g of
unitaries in Cb([0,∞), A) such that
lim
t→∞
(Ad xg(t) ◦ αg)(a) = βg(a) ∀g ∈ G, ∀a ∈ A,
lim
t→∞
xg(t)αg(xh(t))u(g, h)x
∗
gh(t) = v(g, h) ∀g, h ∈ G.
Then (α, u) and (β, v) are cocycle conjugate via an asymptotically inner automorphism.
The class AC(O∞, µ
G) of cocycle actions is introduced in Definition 5.1, and any outer
cocycle actions of G on a unital Kirchberg algebra belong to AC(O∞, µ
G) (Lemma 5.2
(3)). Next, by using this theorem, we classify outer actions of poly-Z groups of Hirsch
length not greater than three on a unital Kirchberg algebra (Theorem 7.11 and Theorem
8.10). More precisely, for given actions α, β : G y A, we introduce obstruction classes
o
2(α, β) and o3(α, β) living in H2(G,KK1(A,A)) and H3(G,KK(A,A)) respectively, and
prove that α and β are KK-trivially cocycle conjugate if and only if these obstruction
classes vanish.
Theorem B. (Theorem 7.11). Let A be a unital Kirchberg algebra and let G be a poly-
Z group of Hirsch length two. Let α, β : G y A be outer actions. The following are
equivalent.
(1) α and β are KK-trivially cocycle conjugate.
(2) KK(αg) = KK(βg) for all g ∈ G and o
2(α, β) = 0.
Theorem C. (Theorem 8.10). Let A be a unital Kirchberg algebra and let G be a poly-
Z group of Hirsch length three. Let α, β : G y A be outer actions. The following are
equivalent.
(1) α and β are KK-trivially cocycle conjugate.
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(2) KK(αg) = KK(βg) for all g ∈ G, o
2(α, β) = 0 and o3(α, β) = 0.
Moreover, we discuss the existence type results of outer cocycle actions of poly-Z
groups of Hirsch length not greater than three (Theorem 7.16 and Theorem 8.11).
The paper is organized as follows. In Section 2, we collect for reference basic notation,
terminology and definitions. In Section 3, it is shown that any countable discrete amenable
group admits an asymptotically representable outer action on the Cuntz algebra O∞
(Theorem 3.3). In Section 4, we give an affirmative answer for Conjecture 1.1 when G is
a poly-Z group and D is a strongly self-absorbing Kirchberg algebra satisfying the UCT
(Theorem 4.4). Furthermore, we show that any outer cocycle action of a poly-Z group G on
a unital Kirchberg algebra absorbs an outer action of G on O∞ tensorially (Theorem 4.13).
Our proof is along the same line as that of [9]. We remark that G. Szabo´ [30] has recently
proved Conjecture 1.1 affirmatively for a large class of groups containing poly-Z groups
and all strongly self-absorbing C∗-algebras (see Remark 4.7). Indeed, Conjecture 1.1 is
the same as [30, Conjecture A]. In Section 5, it is shown that every poly-Z group has the
properties of asymptotic H1-stability and H2-stability (Theorem 5.14). Loosely speaking,
asymptotic H1-stability says that any 1-cocycle in the unitary group close to 1 can be
written as a continuous limit of coboundaries, and H2-stability says that any 2-cocycle in
the unitary group close to 1 is actually a coboundary (see Definition 5.7). The proof is by
induction on the Hirsch length of poly-Z groups. In Section 6, by using the properties of
stability obtained in the previous section, we show that two outer actions α, β : Gy A are
KK-trivially cocycle conjugate if there exists a continuous family of (almost) α-1-cocycles
such that the perturbation of α by the cocycle equals β in the limit (Theorem 6.4). The
proof uses the Evans-Kishimoto intertwining argument. But, in contrast to the setting of
von Neumann algebras (see the work [20] of T. Masuda for instance), we could not find
a way of proof applicable to all countable torsion-free groups. Thus, the proof is again
by (a bit tricky) induction on the Hirsch length. It is also interesting to point out that
the assumption for α and β in Theorem 6.4 is not symmetric, while the conclusion is
symmetric. We do not know whether this is a special feature of poly-Z groups. In the
case of general torsion-free groups, it is perhaps natural to assume further that β is an
asymptotic cocycle perturbation of α. In Section 7, we discuss actions of poly-Z groups of
Hirsch length two. It is shown that α and β are KK-trivially cocycle conjugate if and only
if the obstruction class o2(α, β) is trivial (Theorem 7.11). Moreover, we prove the existence
of outer cocycle actions with prescribedK-theoretic data (Theorem 7.16). In Section 8, we
discuss actions of poly-Z groups of Hirsch length three. It is shown that α and β are KK-
trivially cocycle conjugate if and only if the obstruction classes o2(α, β) and o3(α, β) are
trivial (Theorem 8.10). The existence of outer cocycle actions is also discussed (Theorem
8.11 and Theorem 8.16). As corollaries, we give a complete classification of outer (cocycle)
actions of a poly-Z group of Hirsch length three on the Cuntz algebra On (Corollary 8.14
and Corollary 8.18). A topological interpretation of o2(α, β) and o3(α, β) in terms of Pαs
and Pβs is discussed in the companion paper [11]; that is, o
2(α, β) will be identified with
the primary obstruction for the existence of a continuous section for a certain fiber bundle
over BG. Thus, the results of this paper can be thought of as a positive solution of a
special case of Conjecture 1.2.
Acknowledgement. Masaki Izumi would like to thank Isaac Newton Institute for
Mathematical Sciences for its hospitality. Masaki Izumi and Hiroki Matui thank the refer-
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2 Preliminaries
2.1 Notation and terminology
For a Lipschitz continuous map f between metric spaces, Lip(f) denotes the Lipschitz
constant of f .
Let A be a C∗-algebra. For a, b ∈ A, we mean by [a, b] the commutator ab− ba. When
A is a unital C∗-algebra, we let U(A) denote the set of all unitaries of A. When A is a
non-unital C∗-algebra, we let U(A) be the set of all unitaries u in the unitization of A
satisfying u− 1 ∈ A. The connected component of the unit is written as U(A)0. When B
is a non-unital subalgebra of a unital C∗-algebra A, we always regard U(B) as a subgroup
of U(A). For u ∈ U(A), the inner automorphism induced by u is written by Adu. An
automorphism α ∈ Aut(A) is called outer, when it is not inner.
Let A, B and C be C∗-algebras. For a homomorphism ρ : A → B, K0(ρ) and K1(ρ)
mean the induced homomorphisms on K-groups, and KK(ρ) means the induced element
in KK(A,B). We write KK(idA) = 1A. For x ∈ KK(A,B) and y ∈ KK(B,C), we
denote the Kasparov product by y ◦ x ∈ KK(A,C). (The product is usually written in
the opposite way, e.g. x⊗ˆy, but we adopt y ◦x to ensure consistency with compositions of
homomorphisms between C∗-algebras.) When p ∈ A is a projection, its K0-class is written
as K0(p) ∈ K0(A). Similarly, when u ∈ A is a unitary, K1(u) ∈ K1(A) is the K1-class of
u. A standard reference for K-theory and KK-theory of C∗-algebras is [2].
A simple purely infinite nuclear separable C∗-algebra is called a Kirchberg algebra.
We denote by O the unital Kirchberg algebra which is strongly Morita equivalent to O∞
and is in the Cuntz standard form, i.e. the K0-class of the unit is zero in K0(O).
Two unital homomorphisms ρ, σ from A to B are said to be asymptotically unitarily
equivalent, if there exists a continuous family of unitaries (ut)t∈[0,∞) in B such that
ρ(a) = lim
t→∞
Adut(σ(a))
for all a ∈ A. Phillips’s theorem [24, Theorem 4.1.1] says that, when A is unital separable
nuclear simple and B is unital separable O∞-stable, ρ, σ : A → B are asymptotically
unitarily equivalent if and only if KK(ρ) = KK(σ). When there exists a sequence of
unitaries (un)n∈N in B such that
ρ(a) = lim
n→∞
Adun(σ(a))
for all a ∈ A, ρ and σ are said to be approximately unitarily equivalent. An automorphism
α ∈ Aut(A) is said to be asymptotically (resp. approximately) inner if α is asymptotically
(resp. approximately) unitarily equivalent to the identity map.
Let A be a C∗-algebra and let ω ∈ βN \ N be a free ultrafilter. Set
cω(A) = {(an) ∈ ℓ
∞(N, A) | lim
n→ω
‖an‖ = 0}, A
ω = ℓ∞(N, A)/cω(A).
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We identify A with the C∗-subalgebra of Aω consisting of equivalence classes of constant
sequences. We let
Aω = A
ω ∩A′
and call it the central sequence algebra of A.
We also need a continuous analogue of Aω and Aω. Let C
b([0,∞), A) denote the
C∗-algebra consisting of bounded continuous functions [0,∞)→ A. Set
A♭ = Cb([0,∞), A)/C0([0,∞), A).
We identify A with the C∗-subalgebra of A♭ consisting of equivalence classes of constant
functions and let
A♭ = A
♭ ∩A′.
We call it the continuous asymptotic centralizer algebra. When α is an automorphism of
A, we can consider its natural extension on Aω, Aω, A
♭ and A♭. We denote it by the same
symbol α.
2.2 Group actions and cocycle conjugacy
We set up some terminology for group actions. For a discrete group G, the neutral element
is denoted by 1 ∈ G.
Definition 2.1. Let A be a unital C∗-algebra and let G be a countable discrete group.
(1) A pair (α, u) of a map α : G → Aut(A) and a map u : G × G → U(A) is called a
cocycle action of G on A if
αg ◦ αh = Adu(g, h) ◦ αgh
and
u(g, h)u(gh, k) = αg(u(h, k))u(g, hk)
hold for any g, h, k ∈ G. We always assume α1 = id, u(g, 1) = u(1, g) = 1 for all
g ∈ G. We denote the cocycle action by (α, u) : G y A. Notice that α gives rise
to genuine actions of G on Aω and A♭, which are denoted by the same symbol α.
When u(g, h) = 1 for all g, h ∈ G, α becomes a genuine action. We write α : Gy A
instead of (α, 1) : Gy A.
(2) A cocycle action (α, u) is said to be outer if αg is outer for every g ∈ G except for
the neutral element.
(3) Two cocycle actions (α, u) : G y A and (β, v) : G y B are said to be cocycle
conjugate if there exist a family of unitaries (wg)g∈G in B and an isomorphism
θ : A→ B such that
θ ◦ αg ◦ θ
−1 = Adwg ◦ βg
and
θ(u(g, h)) = wgβg(wh)v(g, h)w
∗
gh
for every g, h ∈ G. Furthermore, when there exists a sequence (xn)n of unitaries
in B such that xnβg(x
∗
n) → wg as n → ∞ for every g ∈ G, we say that (α, u) and
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(β, v) are strongly cocycle conjugate. Furthermore, when we can find a continuous
family (xt)t∈[0,∞) of unitaries in U(B)0 with the same property, we say that (α, u)
and (β, v) are very strongly cocycle conjugate (see [27, Definition 2.4]).
(4) Two cocycle actions (α, u) and (β, v) of G on A are said to be KK-trivially cocycle
conjugate, if they are cocycle conjugate via an isomorphism θ : A → A such that
KK(θ) = 1A.
(5) Let (α, u) : G y A be a cocycle action and let (vg)g be a family of unitaries in A.
The cocycle perturbation (αv, uv) of (α, u) by (vg)g is the cocycle action determined
by
αvg = Ad vg ◦ αg and u
v(g, h) = vgαg(vh)u(g, h)v
∗
gh.
Thus, (α, u) and (β, v) are cocycle conjugate if and only if a cocycle perturbation of
(α, u) and (β, v) are conjugate.
(6) Let α : Gy A be an action. A family of unitaries (xg)g∈G in A is called an α-cocycle
if one has xgαg(xh) = xgh for all g, h ∈ G. In this case, α
x
g = Adxg ◦ αg form an
action αx : Gy A.
(7) Let α : G y A be an action. The fixed point subalgebra {a ∈ A | αg(a) =
a for all g ∈ G} is written Aα.
Let G be a countable discrete group. The canonical generators in C∗r (G) are denoted
by (λg)g∈G. For a cocycle action (α, u) : G y A, the reduced twisted crossed product is
written A⋊(α,u) G. We denote the canonical implementing unitaries by (λ
α
g )g∈G.
Definition 2.2 ([9, Definition 2.2]). Let G be a countable discrete group and let A
be a unital C∗-algebra. A cocycle action (α, u) : G y A is said to be approximately
representable if there exists a family of unitaries (vg)g∈G in A
ω such that
vgvh = u(g, h)vgh, αg(vh) = u(g, h)u(ghg
−1 , g)∗vghg−1
and
vgav
∗
g = αg(a)
hold for all g, h ∈ G and a ∈ A.
Asymptotical representability is defined in an analogous way.
It is routine to check that approximate (resp. asymptotical) representability is pre-
served under cocycle conjugacy.
A discrete group G is said to be a poly-Z group if there exists a subnormal series
{1} = G0 ≤ G1 ≤ G2 ≤ · · · ≤ Gn = G
such that Gi+1/Gi ∼= Z. The length n of the series does not depend on the choice of such
a subnormal series and is called the Hirsch length of G. The poly-Z group of Hirsch length
one is Z. The poly-Z group of Hirsch length two is either Z2 ∼= 〈ξ, ζ | ξζ = ζξ〉 or the
Klein bottle group 〈ξ, ζ | ξζ = ζ−1ξ〉.
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3 Existence of asymptotically representable actions
In this section, we prove that every countable discrete amenable group admits an asymp-
totically representable outer action on O∞ (Theorem 3.3).
Lemma 3.1. For any unitary u ∈ O2, a finite subset F ⊂ O2 and ε > 0, there exists a
continuous path of unitaries w : [0, 1]→ O2 such that
w(0) = 1, w(1) = u, Lip(w) <
8π
3
+ ε
and
‖[w(t), x]‖ < 4‖[u, x]‖ + ε
for any x ∈ F and t ∈ [0, 1].
Proof. This follows immediately from [23, Lemma 6] (which is a slight modification of [5,
Lemma 5.1]), because O2 is isomorphic to the infinite tensor product of O2 itself ([26,
Corollary 5.2.4]).
Lemma 3.2. Let G be a discrete countable amenable group. There exists a unital injective
homomorphism ρ : C∗(G) → O∞ such that the following holds. For any finite subset
F ⊂ G and ε > 0, there exists a continuous path of unitaries w : [0, 1]→ O∞ ⊗O∞ ⊗O∞
satisfying
w(0) = 1, ‖w(1)(ρ(λg)⊗ 1⊗ 1)w(1)
∗ − ρ(λg)⊗ ρ(λg)⊗ 1‖ < ε ∀g ∈ F
and
‖[w(t), ρ(λg)⊗ ρ(λg)⊗ ρ(λg)]‖ < ε ∀g ∈ F, t ∈ [0, 1].
Proof. Let ρ0 : C
∗(G) → O2 be a unital embedding and let τ : C
∗(G) → C be the unital
homomorphism such that τ(λg) = 1 for all g ∈ G. Let ι : O2 → O∞ be a (non-unital)
embedding and let p = ι(1). Define ρ : C∗(G)→ O∞ by
ρ(x) = ι(ρ0(x)) + τ(x)(1 − p)
for every x ∈ C∗(G). Define unital homomorphisms ϕ and ψ from C∗(G) ⊗ C∗(G) to
O∞ ⊗O∞ ⊗O∞ by
ϕ(λg ⊗ λh) = ρ(λg)⊗ ρ(λh)⊗ ρ(λh)
and
ψ(λg ⊗ λh) = ρ(λg)⊗ ρ(λg)⊗ ρ(λh).
Set q = 1⊗p⊗1. Clearly we have [ϕ(x), q] = [ψ(x), q] = 0 and ϕ(x)(1−q) = ψ(x)(1−q) for
any x ∈ C∗(G)⊗C∗(G). The two maps x 7→ ϕ(x)q and x 7→ ψ(x)q are regarded as unital
injective homomorphisms from C∗(G)⊗C∗(G) to O∞⊗ ι(O2)⊗O∞ ∼= O2. It follows from
[26, Theorem 6.3.8] that these two homomorphisms are approximately unitarily equivalent.
Thus there exists a unitary u0 ∈ O∞ ⊗ ι(O2)⊗O∞ such that
‖u0ϕ(λg ⊗ λh)qu
∗
0 − ψ(λg ⊗ λh)q‖ < ε/5 ∀g, h ∈ F.
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In particular we get
‖[u0, (ρ(λg)⊗ ρ(λg)⊗ ρ(λg))q]‖ < ε/5
for every g ∈ F . The lemma above implies that there exists a continuous path of unitaries
w0 : [0, 1]→ O∞ ⊗ ι(O2)⊗O∞ such that w0(0) = q, w0(1) = u0 and
‖[w0(t), (ρ(λg)⊗ ρ(λg)⊗ ρ(λg))q]‖ < ε
for any g ∈ F and t ∈ [0, 1]. Define w : [0, 1]→ O∞ ⊗O∞ ⊗O∞ by
w(t) = w0(t) + 1− q.
Then
‖w(1)(ρ(λg)⊗ 1⊗ 1)w(1)
∗ − ρ(λg)⊗ ρ(λg)⊗ 1‖
= ‖w(1)ϕ(λg ⊗ 1)w(1)
∗ − ψ(λg ⊗ 1)‖
= ‖u0ϕ(λg ⊗ 1)qu
∗
0 − ψ(λg ⊗ 1)q‖ < ε/5
holds for every g ∈ F and
‖[w(t), ρ(λg)⊗ ρ(λg)⊗ ρ(λg)]‖ = ‖[w0(t), (ρ(λg)⊗ ρ(λg)⊗ ρ(λg))q]‖ < ε
holds for any g ∈ F and t ∈ [0, 1]. The proof is completed.
From the lemma above we can deduce the following.
Theorem 3.3. Let G be a countable discrete amenable group. There exists an asymptot-
ically representable outer action γ of G on O∞. In particular, for any unital Kirchberg
algebra A, there exists an asymptotically representable outer action of G on A.
Proof. Let ρ : C∗(G) → O∞ be the unital homomorphism as in the previous lemma. For
n ∈ N and g ∈ G, we define the unitary u
(n)
g by
u(n)g =
(
n⊗
k=1
ρ(λg)
)
⊗ 1 ∈
∞⊗
k=1
O∞.
Define γ : Gy O∞ ∼=
⊗∞
k=1O∞ by
γg = lim
n→∞
Adu(n)g .
Clearly, γ is outer and approximately representable. It suffices to connect u
(n)
g to u
(n+1)
g
by an appropriate path of unitaries.
Let πn be the unital embedding of O∞ into the n-th tensor product component of⊗∞
k=1O∞, and let
π˜n = πn ⊗ πn+1 ⊗ πn+2 : O∞ ⊗O∞ ⊗O∞ →
∞⊗
k=1
O∞.
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Let (Fn)n be an increasing sequence of finite subsets of G such that G =
⋃
n Fn. By the
previous lemma, there exists a continuous path of unitaries wn : [0, 1]→ O∞ ⊗O∞ ⊗O∞
satisfying
wn(0) = 1, ‖wn(1)(ρ(λg)⊗ 1⊗ 1)wn(1)
∗ − ρ(λg)⊗ ρ(λg)⊗ 1‖ < 1/n ∀g ∈ Fn
and
‖[wn(t), ρ(λg)⊗ ρ(λg)⊗ ρ(λg)]‖ < 1/n ∀g ∈ Fn, t ∈ [0, 1].
Define ug : [n, n+1]→
⊗∞
k=1O∞ by
ug(s) = u
(n−1)
g π˜n (wn(s−n)(ρ(λg)⊗ 1⊗ 1)wn(s−n)
∗) .
Then, we obtain
ug(n) = u
(n)
g ∀g ∈ G , ‖ug(n+1)− u
(n+1)
g ‖ < 1/n ∀g ∈ Fn
and
‖γg(uh(s))− ughg−1(s)‖ < 2/n ∀g ∈ Fn, h ∈ G, s ∈ [n, n+1].
By a suitable perturbation, we may assume ug(n+1) = u
(n+1)
g . Hence ug determines a
continuous map from [1,∞). It is easy to see γg = limsAdug(s), which implies that γ is
asymptotically representable.
When A is a unital Kirchberg algebra, id⊗γ : G y A ⊗ O∞ ∼= A is asymptotically
representable and outer, as desired.
Remark 3.4. The action γ : G y O∞ constructed in the theorem above is exactly the
same as the actions discussed by G. Szabo´ [28] (see also [4, Section 6] for finite groups).
Szabo´ proved that the strong cocycle conjugacy class of γ does not depend on the choice
of the unitary representations G ∋ g 7→ ρ0(λg) ∈ U(O2) ([28, Corollary 3.8]). Moreover,
he proved that any outer cocycle action of G on a Kirchberg algebra absorbs γ tensorially
([28, Corollary 3.7]).
Remark 3.5. Y. Arano and Y. Kubota kindly informed us the following. Let G be a
countable discrete torsion-free amenable group and let A be a unital Kirchberg algebra.
Then any outer asymptotically representable actions G y A are mutually cocycle conju-
gate. See [1].
4 Uniqueness of actions on O∞
In this section, we prove that outer actions of poly-Z groups on O2, O∞ and O∞⊗B with
B being a UHF algebra of infinite type are unique up to (KK-trivial) cocycle conjugacy.
(We note that during the preparation of this paper G. Szabo´ has proved much stronger
statement. See Remark 4.7.)
First, let us recall the notion of dual coactions. Let α : G y A be an action of
countable discrete amenable group G on a unital C∗-algebra A. The dual coaction αˆ is
the homomorphism A⋊α G→ (A⋊α G)⊗ C
∗(G) defined by
αˆ(a) = a⊗ 1 and αˆ(λαg ) = λ
α
g ⊗ λg ∀a ∈ A, g ∈ G.
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Let β : G y B be another action. We say that a homomorphism ρ : A ⋊α G → B ⋊β G
commutes with the dual coactions if
βˆ ◦ ρ = (ρ⊗ id) ◦ αˆ
holds. This is equivalent to saying that ρ(λαg ) ∈ Bλ
β
g holds for all g ∈ G. It is well-known
(and easy to see) that α is cocycle conjugate to β if and only if there exists an isomorphism
A⋊α G→ B ⋊β G which commutes with the dual coactions.
The coproduct δG : C
∗(G)→ C∗(G) ⊗ C∗(G) is given by δG(λg) = λg ⊗ λg for g ∈ G.
The coproduct is the dual coaction of the trivial action Gy C.
4.1 Equivariant version of Nakamura’s theorem
Nakamura proved that if two outer actions α, β : Z y A on a unital Kirchberg algebra
satisfy KK(αg) = KK(βg) for all g ∈ Z, then α and β are KK-trivially cocycle conjugate
([23, Theorem 5]). In [9, Theorem 4.11], we gave an equivariant version of Nakamura’s
result. In this subsection, we would like to improve the statement so that it applies to
actions of poly-Z groups.
Throughout this subsection, we let G be a countable discrete amenable group and let
N ⊂ G be a normal subgroup such that G/N ∼= Z. Choose and fix an element ξ ∈ G so
that G is generated by N and ξ.
The following proposition is an equivariant version of [23, Theorem 1].
Proposition 4.1. Let α : G y A be an outer action on a unital Kirchberg algebra.
Suppose that α|N : N y A is approximately representable. Then for any M ∈ N, there
exist projections e0, e1, . . . , eM−1, f0, f1, . . . , fM in (Aω)
α|N such that
M−1∑
i=0
ei +
M∑
j=0
fj = 1, αξ(ei) = ei+1 and αξ(fj) = fj+1
for all i = 0, 1, . . . ,M−1 and j = 0, 1, . . . ,M , where eM and fM+1 mean e0 and f0,
respectively.
Proof. Since α|N : N y A is approximately representable, by [9, Corollary 3.2 (2)],
(Aω)
α|N is purely infinite and simple. (Actually, the assumption of approximate repre-
sentability is not necessary here. See [28, Proposition 3.3].) By [9, Proposition 3.5], the
restriction of αξn to (Aω)
α|N is a non-trivial automorphism for every n 6= 0, and hence it
is outer thanks to [23, Lemma 2]. This means that we can choose a Rohlin tower for αξ in
(Aω)
α|N . We omit the detail, because the argument is exactly the same as [23, Theorem
1].
Let A be a unital Kirchberg algebra and let α, β : G y A be two outer actions. We
assume the following.
• α|N : N y A and β|N : N y A are asymptotically representable.
• α|N is KK-trivially cocycle conjugate to β|N .
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Define α˜ξ ∈ Aut(A⋊α|N N) by
α˜ξ(a) = αξ(a) and α˜ξ(λ
α
g ) = λ
α
ξgξ−1 ∀a ∈ A, g ∈ N.
We have
α̂|N ◦ α˜ξ = (α˜ξ ⊗Adλξ) ◦ α̂|N.
It is easy to see that the crossed product of A⋊α|NN by the automorphism α˜ξ is naturally
isomorphic to A⋊α G. Similarly, the automorphism βξ extends to β˜ξ ∈ Aut(A⋊β|N N).
The following is the equivariant version of Nakamura’s theorem.
Theorem 4.2. Let A be a unital Kirchberg algebra. Suppose that α, β : G y A satisfy
the assumptions stated above. Suppose that there exists an isomorphism θ : A⋊β|N N →
A ⋊α|N N which commutes with the dual coactions. If KK(θ|A) = 1A and KK(α˜ξ) =
KK(θ ◦ β˜ξ ◦ θ
−1), then α : Gy A is KK-trivially cocycle conjugate to β : Gy A.
Proof. It is easy to see that α˜ξ ◦(θ◦ β˜ξ ◦θ
−1)−1 commutes with the dual coactions. Indeed,
α̂|N ◦ α˜ξ ◦ (θ ◦ β˜ξ ◦ θ
−1)−1 = (α˜ξ ⊗Adλξ) ◦ α̂|N ◦ θ ◦ β˜
−1
ξ ◦ θ
−1
= (α˜ξ ⊗Adλξ) ◦ (θ ⊗ id) ◦ β̂|N ◦ β˜
−1
ξ ◦ θ
−1
= (α˜ξ ⊗Adλξ) ◦ (θ ⊗ id) ◦ (β˜
−1
ξ ⊗Adλ
∗
ξ) ◦ β̂|N ◦ θ
−1
= (α˜ξ ⊗Adλξ) ◦ (θ ⊗ id) ◦ (β˜
−1
ξ ⊗Adλ
∗
ξ) ◦ (θ
−1 ⊗ id) ◦ α̂|N
=
(
(α˜ξ ◦ θ ◦ β˜
−1
ξ ◦ θ
−1)⊗ id
)
◦ α̂|N.
By assumption, the KK-class of α˜ξ ◦ (θ ◦ β˜ξ ◦ θ
−1)−1 is trivial, and so it is asymptotically
inner by Phillips’s theorem. Since α|N is asymptotically representable, it follows from [9,
Theorem 4.8] that α˜ξ ◦ (θ ◦ β˜ξ ◦ θ
−1)−1 is asymptotically inner via unitaries of A. Hence
there exists u : [0,∞)→ U(A) such that
lim
t→∞
Adu(t) ◦ α˜ξ = θ ◦ β˜ξ ◦ θ
−1
on A⋊α|N N .
On the other hand, by the proposition above, the automorphism α˜ξ admits Rohlin
projections in (Aω)
α|N ⊂ (A ⋊α|N N)ω. The same is true for β˜ξ. Hence, by using [9,
Lemma 3.3] instead of [23, Theorem 7], the usual intertwining argument shows that there
exist an isomorphism θ′ : A⋊β|N N → A⋊α|N N which commutes with the dual coactions
and a unitary v ∈ U(A) such that
Ad v ◦ α˜ξ = θ
′ ◦ β˜ξ ◦ (θ
′)−1
holds true. It follows that we can define an isomorphism θ′′ from
(A⋊β|N N)⋊β˜ξ Z = A⋊β G
to
(A⋊α|N N)⋊α˜ξ Z = A⋊α G
by letting θ′′(x) = θ′(x) for x ∈ A⋊β|N N and θ
′′(λβξ ) = vλ
α
ξ . Clearly, θ
′′(λβg ) is in Aλαg for
every g ∈ N ∪ {ξ}, and hence for every g ∈ G. Therefore, α : Gy A is cocycle conjugate
to β : G y A via the automorphism θ′′|A. By the construction, θ′′|A = θ′|A and θ′|A is
asymptotically unitarily equivalent to θ|A. Thus, α is KK-trivially cocycle conjugate to
β.
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4.2 Uniqueness of poly-Z group actions
In this subsection, we prove the uniqueness of outer actions of poly-Z groups on unital
strongly self-absorbing Kirchberg algebras satisfying the UCT (Theorem 4.4).
Lemma 4.3. Let G be a poly-Z group and let α : G y A be an action of G on a unital
C∗-algebra A satisfying the UCT. Suppose that the inclusion map a 7→ a ⊗ 1 from A to
A⊗A induces a KK-equivalence.
(1) The canonical embedding ρ : A ⊗ C∗(G) → A⊗ (A ⋊α G) sending a⊗ λg to a⊗ λ
α
g
induces a KK-equivalence.
(2) The canonical embedding σ : A⋊α G → A⊗ (A ⋊α G) sending x to 1A ⊗ x induces
a KK-equivalence.
Proof. (1) The proof is by induction on the Hirsch length of G. When G is trivial, the
assertion is clear because we assumed that the inclusion map a 7→ a ⊗ 1 induces a KK-
equivalence. For a given poly-Z group G, let N be a normal poly-Z subgroup of G such
that G/N ∼= Z. Let
ρ′ : A⊗ C∗(N)→ A⊗ (A⋊α|N N).
be the canonical unital inclusion. By the induction hypothesis KK(ρ′) is invertible.
Choose ξ ∈ G which generates G/N ∼= Z. Define α˜ξ ∈ Aut(A ⋊α|N N) in the same
way as in the previous subsection. Clearly (A⋊α|N N)⋊α˜ξ Z is isomorphic to A⋊αG and
C∗(N)⋊Adλξ Z is isomorphic to C
∗(G). By the naturality of the Pimsner-Voiculescu exact
sequence, we obtain the following commutative diagram, in which the vertical sequences
are exact.
Ki(A⊗ C
∗(N))
Ki(ρ
′)
−−−−→ Ki(A⊗ (A⋊α|N N))
id−Ki(id⊗Adλξ)
y yid−Ki(id⊗α˜ξ)
Ki(A⊗ C
∗(N))
Ki(ρ
′)
−−−−→ Ki(A⊗ (A⋊α|N N))y y
Ki(A⊗ C
∗(G))
Ki(ρ)
−−−−→ Ki(A⊗ (A⋊α G))y y
K1−i(A⊗ C
∗(N))
K1−i(ρ′)
−−−−−→ K1−i(A⊗ (A⋊α|N N))
id−K1−i(id⊗Adλξ)
y yid−K1−i(id⊗α˜ξ)
K1−i(A⊗ C
∗(N))
K1−i(ρ′)
−−−−−→ K1−i(A⊗ (A⋊α|N N))
The five lemma implies that Ki(ρ) is an isomorphism for i = 0, 1. Hence KK(ρ) is
invertible.
(2) In the same way as (1) we can show that KK(σ) is invertible.
Theorem 4.4. Let G be a poly-Z group and let A be a unital strongly self-absorbing
Kirchberg algebra satisfying the UCT. Then, outer actions of G on A are unique up to KK-
trivial cocycle conjugacy. In particular, any outer actions of G on A are asymptotically
representable.
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Proof. Let A be a unital strongly self-absorbing Kirchberg algebra satisfying the UCT.
The proof is by induction on the Hirsch length of G. When G is trivial, the assertion is
clear.
Let α : G y A be an outer action of a poly-Z group G on A. Let N ⊂ G be a
normal poly-Z subgroup such that G/N ∼= Z. Choose and fix an element ξ ∈ G so that
G is generated by N and ξ. Let α˜ξ be as in the previous subsection. By the induction
hypothesis, α|N : N y A is asymptotically representable. By the lemma above, the
canonical embeddings ρ : A⊗C∗(N)→ A⊗(A⋊α|NN) and σ : A⋊α|NN → A⊗(A⋊α|NN)
induce KK-equivalences. Define
x = KK(σ)−1 ◦KK(ρ) ∈ KK(A⊗ C∗(N), A ⋊α|N N).
Clearly x is invertible and K0(x) is unital. Since (id⊗α˜ξ) ◦ ρ = ρ ◦ (id⊗Adλξ) and
(id⊗α˜ξ) ◦ σ = σ ◦ α˜ξ, we have
x ◦KK(id⊗Adλξ) = KK(α˜ξ) ◦ x. (4.1)
We also have
(x⊗ 1C∗(N)) ◦KK(id⊗δN ) = KK(α̂|N ) ◦ x, (4.2)
because (id⊗α̂|N) ◦ ρ = (ρ⊗ id) ◦ (id⊗δN ) and (id⊗α̂|N ) ◦ σ = (σ ⊗ id) ◦ α̂|N .
Let β : G y A be another outer action. In the same way, we obtain an invertible
element y ∈ KK(A⊗ C∗(N), A⋊β|N N) satisfying
y ◦KK(id⊗Adλξ) = KK(β˜ξ) ◦ y (4.3)
and
(y ⊗ 1C∗(N)) ◦KK(id⊗δN ) = KK(β̂|N ) ◦ y. (4.4)
There exists an isomorphism A⋊β|NN → A⋊α|NN whose KK-class is equal to x◦y
−1. It
follows from (4.2) and (4.4) that x◦y−1 commutes with the dual coactions in the category
of KK. Hence, by [9, Remark 4.6], there exists an isomorphism θ : A⋊β|N N → A⋊α|N N
which commutes with the dual coactions and whose KK-class is equal to x ◦ y−1. Also,
(4.1) and (4.3) imply
KK(θ ◦ β˜ξ ◦ θ
−1) = x ◦ y−1 ◦KK(β˜ξ) ◦ y · x
−1 = KK(α˜ξ).
Therefore, thanks to Theorem 4.2, we can conclude that α : Gy A is KK-trivially cocycle
conjugate to β : Gy A.
It follows from Theorem 3.3 that any outer action G y A is asymptotically repre-
sentable.
Remark 4.5. In the theorem above, we can strengthen the conclusion a bit more as
follows. Let α, β : Gy A be outer actions. Applying the first part of the proof to α and
β, we get an isomorphism θ : A⋊β G→ A⋊αG which commutes with the dual coactions.
Letting ug = θ(λ
β
g )(λαg )
∗, one has
Adug ◦ αg = θ ◦ βg ◦ θ
−1 ∀g ∈ G
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on A. From the construction of θ, it is easy to see KK(θ ◦ ιβ) = KK(ια), where ια and ιβ
are the canonical embeddings of C∗(G) into A⋊αG and A⋊βG. By virtue of Kirchberg’s
theorem [26, Theorem 8.3.3], θ ◦ ιβ and ια are asymptotically unitarily equivalent. Hence,
by [9, Theorem 4.8], there exists a continuous path of unitaries (vt)t∈[0,∞) in U(A) such
that
lim
t→∞
Ad vt(ια(a)) = θ(ιβ(a)) ∀a ∈ C
∗(G).
Therefore one obtains
lim
t→∞
vtαg(v
∗
t ) = ug ∀g ∈ G.
Thus, α and β are very strongly cocycle conjugate (note that K1(A) is trivial). In partic-
ular, α is homotopic to β as G-actions.
Remark 4.6. For A = O∞, the proof of Theorem 4.4 can be slightly simplified in the
following manner. One can show that the inclusion C∗(G) → A ⋊α G induces a KK-
equivalence by using induction on the Hirsch length of G. (Actually, this holds for any
torsion-free amenable group G, see [28, Corollary 4.18].) Instead of x = KK(σ)−1◦KK(ρ),
we let x be the KK-class of the inclusion map C∗(N)→ A⋊α|N N . Then, the rest of the
proof works exactly in the same way.
Remark 4.7. During the preparation of this paper, G. Szabo´ [30] has obtained the fol-
lowing result, which is stronger than Theorem 4.4. Let C be a bootstrap class of countable
discrete groups (see [30] for its precise definition). For any G ∈ C and any strongly
self-absorbing C∗-algebra D (not necessarily satisfying the UCT), strongly outer actions
Gy D are unique up to very strong cocycle conjugacy. The class C contains all torsion-free
abelian groups and poly-Z groups. Besides, he also proved that any outer action of G ∈ C
on a unital Kirchberg algebra A absorbs every G-action on O∞. This is a strengthened
version of Theorem 4.13.
As a corollary of Theorem 4.4, we get the following.
Corollary 4.8. Let G be a poly-Z group and let A be a unital strongly self-absorbing
Kirchberg algebra satisfying the UCT. For any outer action α : G y A, there exists a
unital homomorphism ϕ : A→ A♭ such that ϕ ◦ αg = αg ◦ ϕ for all g ∈ G.
Proof. Let ρ ∈ Aut(A ⊗ A) be the flip automorphism, i.e. ρ(a ⊗ b) = b ⊗ a. Since
(A,α) is cocycle conjugate to (B, β) = (
⊗
N
A,
⊗
N
α), it suffices to construct a unital
homomorphism ϕ : A → B♭ such that ϕ ◦ αg = βg ◦ ϕ. To this end, it suffices to show
the following: for any finite subset F ⊂ G and ε > 0, there exists a homotopy (ρt)t∈[0,1] in
Aut(A⊗A) such that ρ0 = id, ρ1 = ρ and
‖ρt ◦ (αg ⊗ αg)− (αg ⊗ αg) ◦ ρt‖ < ε ∀t ∈ [0, 1], g ∈ F.
By means of Theorem 4.4 and Remark 4.5, we may perturb α a little bit and assume that
α extends to an outer action α˜ of G× R. Define an outer action γ : G× Z y A⊗A by
γ(g,n) = ρ
n ◦ (α˜(g,n) ⊗ α˜(g,n)).
By Theorem 4.4 and Remark 4.5, α˜|(G × Z) and γ are cocycle conjugate with a cocycle
arbitrarily close to 1. Thus there exists a homotopy between id and γ(e,1) = ρ ◦ (α˜(e,1) ⊗
α˜(e,1)) almost commuting with αg ⊗αg for g ∈ G. Since (α˜(e,t) ⊗ α˜(e,t))t gives a homotopy
between id and α˜(e,1) ⊗ α˜(e,1) commuting with αg ⊗ αg, we get (ρt)t as above.
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When A = O2, the crossed product A ⋊α G is again O2 for any outer action α of a
poly-Z group G. Hence the following stronger statement holds.
Theorem 4.9. Let G be a poly-Z group. Any outer cocycle actions of G on O2 are
mutually cocycle conjugate.
Proof. The proof is almost the same as Theorem 4.4. Let A = O2 and let (α, u) : Gy A
be an outer cocycle action of a poly-Z group G. Let N ⊂ G and ξ ∈ G be as in the proof
of Theorem 4.4. By induction, we may assume that the restriction of (α, u) to N is cocycle
conjugate to a genuine action, and so we may perturb (α, u) and assume
u(g, h) = 1 and u(gξl, ξm) = 1 ∀g, h ∈ N, l,m ∈ Z.
Define α˜ξ ∈ Aut(A⋊α|N N) by
α˜ξ(a) = αξ(a) and α˜ξ(λ
α
g ) = u(ξ, g)λ
α
ξgξ−1 ∀a ∈ A, g ∈ N.
Let (β, v) : Gy A be another outer cocycle action. Similarly, one can define β˜ξ ∈ A⋊β|N
N . Since α|N is cocycle conjugate to β|N , there exists an isomorphism θ : A ⋊β|N N →
A⋊α|N N which commutes with the dual coactions. Clearly KK(α˜ξ) = KK(θ ◦ β˜ξ ◦ θ
−1),
because the crossed product A⋊α|N N is O2. Theorem 4.2 applies and yields the desired
conclusion.
Remark 4.10. Outer cocycle actions of a poly-Z group G on O∞ is not unique in general.
More precisely, when the Hirsch length of G is less than three, any outer cocycle action
Gy O∞ is cocycle conjugate to a genuine action (see Lemma 7.3), and hence is unique by
Theorem 4.4. However, there exist infinitely many outer cocycle actions Z3 y O∞ which
are not mutually cocycle conjugate (see Example 8.20).
4.3 Absorption of O∞
In this subsection, we prove that any outer cocycle action of a poly-Z group on a unital
Kirchberg algebra absorbs the outer action on O∞ (Theorem 4.13). We begin with a
McDuff type theorem for discrete group actions. The same argument can be found in [9,
Theorem 6.3], [4, Theorem 2.3] and [22, Theorem 4.9]. We note that G. Szabo´ [29, 27]
gave a strengthened version which can be applied to actions of locally compact groups.
Theorem 4.11. Let G be a countable discrete group and let A,B be unital separable C∗-
algebras. Let (α, u) : Gy A be a cocycle action and let β : Gy B be an action. Suppose
that the following conditions hold.
(1) There exists a unital homomorphism π : B → Aω such that π ◦ βg = αg ◦ π for all
g ∈ G.
(2) There exists a sequence (vn)n of unitaries in U(B ⊗B)0 such that
lim
n→∞
vn(b⊗ 1)v
∗
n = 1⊗ b ∀b ∈ B, limn→∞
(βg ⊗ βg)(vn)− vn = 0 ∀g ∈ G.
Then (α, u) is cocycle conjugate to (α⊗β, u⊗1) : Gy A⊗B via an isomorphism ψ : A→
A⊗B which is asymptotically unitarily equivalent to the embedding A ∋ a 7→ a⊗1 ∈ A⊗B.
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Proof. In a similar fashion to [26, Theorem 7.2.2], we can find a sequence (wn)n of unitaries
in A⊗B such that the following are satisfied.
• There exist continuous maps w˜n : [0, 1]→ U(A⊗B) such that w˜n(0) = 1, w˜n(1) = wn
and
lim
n→∞
sup
t∈[0,1]
‖[w˜n(t), a ⊗ 1]‖ = 0 ∀a ∈ A.
• The distance from w∗ncwn to A⊗ C tends to zero as n→∞ for any c ∈ A⊗B.
• (αg ⊗ βg)(wn)− wn tends to zero as n→∞ for every g ∈ G.
Then the same argument as [26, Proposition 7.2.1] yields the desired cocycle conjugacy.
Lemma 4.12 ([9, Lemma 6.2]). Let G be a countable infinite discrete amenable group and
let {sg}g∈G be the generator of the Cuntz algebra O∞. Define an action β : G y O∞ by
βg(sh) = sgh. For any outer cocycle action (α, u) of G on a unital Kirchberg algebra A,
there exists a unital homomorphism π : O∞ → Aω such that π ◦ βg = αg ◦ π for all g ∈ G.
Theorem 4.13. Let G be a poly-Z group and let (α, u) : G y A be an outer cocycle
action on a unital Kirchberg algebra A. Let β : Gy O∞ be an outer action. Then (α, u)
is cocycle conjugate to (α⊗ β, u⊗ 1) : Gy A⊗O∞ via an isomorphism ψ : A→ A⊗O∞
which is asymptotically unitarily equivalent to the embedding A ∋ a 7→ a⊗ 1 ∈ A⊗O∞.
Proof. We verify the hypotheses of Theorem 4.11. By Theorem 4.4, we may assume that
β equals the action defined in the lemma above. Then, condition (1) of Theorem 4.11
immediately follows. Theorem 4.4 also tells us that the diagonal action β ⊗ β : G y
O∞ ⊗O∞ is approximately representable, and so in the same way as [9, Lemma 6.1] we
obtain condition (2) of Theorem 4.11, thus completing the proof.
Notice that a strengthened version of the theorem above has been obtained by G.
Szabo´ [30]. See Remark 4.7.
Remark 4.14. One may appeal to Szabo´’s result [28, Corollary 3.7] in order to obtain the
O∞-absorption theorem above. Namely, by Theorem 4.4, any outer action β : Gy O∞ is
(very strongly) cocycle conjugate to the model action γ : Gy O∞, which was constructed
in Theorem 3.3. It follows from [28, Corollary 3.7] that any outer cocycle action of G on
a unital Kirchberg algebra A absorbs γ, and hence β. See also Remark 3.4.
Remark 4.15. Let G be a poly-Z group and let (α, u) : G y A be an outer cocycle
action on a unital Kirchberg algebra A. Let β : G y O∞ be an outer action. It follows
from Theorem 4.13 that (α, u) is also cocycle conjugate to (α ⊗ β ⊗ id, u ⊗ 1 ⊗ 1) : G y
A⊗O∞ ⊗O∞, and hence is cocycle conjugate to (α⊗ id, u⊗ 1) : Gy A⊗O∞. It is easy
to see that the isomorphism A → A ⊗ O∞ can be taken to be asymptotically unitarily
equivalent to the embedding a 7→ a⊗ 1. Szabo´ proved that the same statement holds true
for any countable discrete amenable group G ([28, Theorem 3.4]).
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4.4 Actions on algebras in the Cuntz standard form
In this subsection, we prove that any outer cocycle action of a poly-Z group on a unital
Kirchberg algebra in the Cuntz standard form is cocycle conjugate to a genuine action
(Theorem 4.17).
Let A be a unital C∗-algebra such that the following holds: two non-zero projections
in A are Murray-von Neumann equivalent whenever they have the same K0-class. Let
(α, u) : G y A be a cocycle action of a countable discrete group G. Let p ∈ A \ {0} be
a projection such that K0(p) ∈ K0(A)
G. For each g ∈ G, we choose a partial isometry
xg ∈ A so that xgx
∗
g = p and x
∗
gxg = αg(p). Set α
x
g (a) = xgαg(a)x
∗
g for a ∈ pAp and
ux(g, h) = xgαg(xh)u(g, h)x
∗
gh. Then (α
x, ux) is a cocycle action of G on pAp. If (yg)g is
also a family of partial isometries satisfying ygy
∗
g = p and y
∗
gyg = αg(p), then (α
y, uy) is
the perturbation of (αx, ux) by (ygx
∗
g)g. Thus, the equivalence class of (α
x, ux) does not
depend on the choice of (xg)g. We write one of those cocycle actions (α, u)
p.
It is routine to check the following.
Lemma 4.16. Let G be a countable discrete group and let A be a unital Kirchberg algebra.
(1) Let (α, u) : G y A be a cocycle action and let p, q ∈ A \ {0} be projections such
that K0(p),K0(q) ∈ K0(A)
G. If K0(p) = K0(q) in K0(A), then (α, u)
p is cocycle
conjugate to (α, u)q.
(2) Suppose that two cocycle actions (α, u) and (β, v) of G on A are KK-trivially cocycle
conjugate. Let p ∈ A \ {0} be a projection such that K0(p) ∈ K0(A)
G. Then (α, u)p
and (β, v)p are KK-trivially cocycle conjugate.
Proof. (1) is immediate from the definition. Let us prove (2). There exist γ ∈ Aut(A)
and a family (cg)g of unitaries in A such that
KK(γ) = 1A, γ ◦ βg ◦ γ
−1 = Ad cg ◦ αg and cgαg(ch)u(g, h)c
∗
gh = γ(v(g, h))
for all g, h ∈ G. For g ∈ G, we choose partial isometries xg, yg ∈ A so that xgx
∗
g = p = ygy
∗
g ,
x∗gxg = αg(p) and y
∗
gyg = βg(p). Also, take a partial isometry w ∈ A such that ww
∗ = p
and w∗w = γ(p). Define γ˜ ∈ Aut(pAp) by γ˜(a) = wγ(a)w∗. Clearly KK(γ˜) = 1pAp in
KK(pAp, pAp). For a ∈ pAp, we have
(γ˜ ◦ βyg ◦ γ˜
−1)(a) = wγ(ygβg(γ
−1(w∗aw))y∗g)w
∗
= wγ(yg)cgαg(w
∗aw)c∗gγ(y
∗
g)w
∗
= (Ad(wγ(yg)cgαg(w
∗)x∗g) ◦ α
x
g)(a),
where zg = wγ(yg)cgαg(w
∗)x∗g is a unitary in pAp. Besides, for every g, h ∈ G, we can
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check
zgα
x
g (zh)u
x(g, h)z∗gh = wγ(yg)cgαg(w
∗)x∗g · xgαg(wγ(yh)chαh(w
∗)x∗h)x
∗
g
· xgαg(xh)u(g, h)x
∗
gh · xghαgh(w)c
∗
ghγ(y
∗
gh)w
∗
= wγ(yg)cgαg(γ(yh)chαh(w
∗))u(g, h)αgh(w)c
∗
ghγ(y
∗
gh)w
∗
= wγ(yg)γ(βg(yh))cgαg(ch)u(g, h)αgh(γ(p))c
∗
ghγ(y
∗
gh)w
∗
= wγ(ygβg(yh))cgαg(ch)u(g, h)c
∗
ghγ(y
∗
gh)w
∗
= wγ(ygβg(yh)v(g, h)y
∗
gh)w
= γ˜(vy(g, h)).
It follows that (αx, ux) is KK-trivially cocycle conjugate to (βy, vy).
We denote by O the Kirchberg algebra which is strongly Morita equivalent to O∞ and
is in the Cuntz standard form.
The following theorem is a generalization of [9, Corollary 7.12].
Theorem 4.17. Let G be a poly-Z group. Let (α, u) : Gy A be an outer cocycle action
of G on a unital Kirchberg algebra A in the Cuntz standard form. Then (α, u) is cocycle
conjugate to a genuine action.
Proof. Since O contains a unital copy of O2, from Theorem 4.9, (α⊗ id, u⊗1) : Gy A⊗O
is cocycle conjugate to a genuine action. Let p ∈ O∞ be a non-zero projection such that
K0(p) = 0. By Lemma 4.16 (1), (α ⊗ id, u ⊗ 1) : G y A ⊗ O∞ is cocycle conjugate to
(α⊗ id, u⊗ 1) : Gy A⊗ pO∞p ∼= A⊗O, because K0(1) = 0 = K0(1⊗ p) in K0(A⊗O∞).
By Remark 4.15, (α, u) is cocycle conjugate to (α ⊗ id, u ⊗ 1) : G y A⊗O∞. Therefore
(α, u) is cocycle conjugate to a genuine action.
Theorem 4.18. Let (α, u) and (β, v) be outer cocycle actions of a poly-Z group G on a
unital Kirchberg algebra A. The following conditions are equivalent.
(1) (α, u) and (β, v) are KK-trivially cocycle conjugate.
(2) (α⊗ id, u⊗1) : Gy A⊗O and (β⊗ id, v⊗1) : Gy A⊗O are KK-trivially cocycle
conjugate.
Proof. (1)⇒(2) is obvious. Let us assume (2). Take a projection p ∈ O such that pOp ∼=
O∞. It follows from Lemma 4.16 (2) that (α ⊗ id, u ⊗ 1)
1⊗p and (β ⊗ id, v ⊗ 1)1⊗p are
KK-trivially cocycle conjugate. Thus, (α⊗ id, u⊗ 1) : Gy A⊗O∞ and (β ⊗ id, v ⊗ 1) :
Gy A⊗O∞ are KK-trivially cocycle conjugate. By Remark 4.15, we can conclude that
(α, u) and (β, v) are KK-trivially cocycle conjugate.
The theorems above say that classification of outer cocycle actions on A up to KK-
trivial cocycle conjugacy is exactly equivalent to classification of outer (genuine) actions
on A⊗O up to KK-trivial cocycle conjugacy.
5 Stability
The main purpose of this section is to show stability type properties for actions of poly-Z
groups (Theorem 5.14).
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5.1 Approximately central embedding of O∞
In this subsection, we introduce the notion of approximately central embedding of an
action µ : Gy O∞.
Definition 5.1. Let G be a countable discrete group and let µ : G y O∞ be an action.
Let (α, u) be a cocycle action of G on a unital (not-necessarily separable) C∗-algebra
A. We say that (α, u) admits an approximately central embedding of (O∞, µ) if for any
separable subset S ⊂ A there exists a unital homomorphism ϕ : O∞ → A
ω ∩ S′ such that
ϕ ◦µg = αg ◦ϕ for any g ∈ G. We denote by AC(O∞, µ) the class of such cocycle actions.
Lemma 5.2. Let µ : G y O∞ be an outer action of a poly-Z group G and let (α, u) :
Gy A be a cocycle action on a unital C∗-algebra A.
(1) Let ν : Gy O∞ be another outer action. Then, (α, u) is in AC(O∞, µ) if and only
if (α, u) is in AC(O∞, ν).
(2) Let (β, v) : G y B be a cocycle action. If (α, u) is in AC(O∞, µ), then so is
(α⊗ β, u⊗ v).
(3) If A is a unital Kirchberg algebra and (α, u) is outer, then (α, u) is in AC(O∞, µ).
Proof. (1) By Theorem 4.4 and Remark 4.5, µ and ν are cocycle conjugate with a cocycle
arbitrarily close to 1. Hence, the conclusion follows immediately.
(2) This is clear from the definition.
(3) It follows from Theorem 4.13 that (α, u) : Gy A absorbs (
⊗
N
O∞,
⊗
N
µ) tenso-
rially, and so (α, u) belongs to AC(O∞, µ).
By Lemma 5.2 (1), when G is a poly-Z group, the class AC(O∞, µ) does not depend
on the choice of the outer action µ : Gy O∞.
Lemma 5.3. Let µ : G y O∞ be an outer action of a poly-Z group G and let (α, u) :
G y A be a cocycle action on a unital separable C∗-algebra A. Suppose that (α, u) is in
AC(O∞, µ).
(1) (α, u) is cocycle conjugate to (α⊗ µ, u⊗ 1) via an isomorphism asymptotically uni-
tarily equivalent to the embedding a 7→ a⊗ 1.
(2) α : Gy Aω and α : Gy Aω are also in AC(O∞, µ).
(3) α : Gy A♭ and α : Gy A♭ are also in AC(O∞, µ).
Proof. (1) Since A is separable and (α, u) is in AC(O∞, µ), there exists a unital homo-
morphism π : O∞ → Aω such that π ◦ µg = αg ◦ π for any g ∈ G. Thus, condition (1) of
Theorem 4.11 is satisfied. In the proof of Theorem 4.13, we observed that the outer action
µ : G y O∞ satisfies condition (2) of Theorem 4.11. Therefore we obtain the desired
conclusion.
(2) By definition, there exists a unital homomorphism ϕ : O∞ → A
ω ∩ A′ = Aω such
that ϕ ◦ µg = αg ◦ ϕ for any g ∈ G. For any given separable subset S ⊂ A
ω, by the usual
reindexation trick, we may modify the homomorphism ϕ and obtain ψ : O∞ → Aω ∩ S
′
such that ϕ ◦ µg = αg ◦ ϕ.
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(3) By (1), α : Gy A♭ is conjugate to α⊗ µ : Gy (A⊗O∞)♭. Evidently, ((O∞)♭, µ)
is embeddable into ((A ⊗ O∞)♭, α ⊗ µ). By Corollary 4.8, (O∞, µ) is embeddable into
((O∞)♭, µ). Hence there exists a unital homomorphism ϕ : O∞ → A♭ such that ϕ ◦ µg =
αg ◦ ϕ for any g ∈ G. In the same way as (2), we get the conclusion.
5.2 H1-stability and H2-stability
In this subsection, we prove that any poly-Z group is asymptotically H1-stable and H2-
stable (Theorem 5.14). For every poly-Z group G, we choose and fix an outer action
µG : Gy O∞.
Lemma 5.4. Let G be a countable discrete group and let N ⊂ G be a normal subgroup such
that G/N ∼= Z. Choose ξ ∈ G so that N and ξ generate G. Suppose that (α, u) : G y A
is a cocycle action on a unital C∗-algebra A. If u(g, h) = 1 for all g, h ∈ N , then the
unitaries
uˇg = u(ξ, ξ
−1gξ)u(g, ξ)∗
form an α|N -cocycle satisfying
αξ ◦ αξ−1gξ ◦ α
−1
ξ = Ad uˇg ◦ αg ∀g ∈ N.
Proof. Straightforward computations.
Lemma 5.5. Let G be a countable discrete amenable group and let N ⊂ G be a normal
subgroup such that G/N ∼= Z. Choose ξ ∈ G so that N and ξ generate G. For any finite
subset K ⊂ N and ε > 0, there exist a finite subset L ⊂ N and δ > 0 such that the
following holds.
Let µ : G y O∞ be an outer action such that µ|N is approximately representable.
Suppose that a cocycle action (α,w) of G on a unital C∗-algebra A belongs to AC(O∞, µ)
and that J ⊂ A is a globally α-invariant ideal. Assume further that w(g, h) = 1 for all
g, h ∈ N and the α|N -cocycle wˇg = w(ξ, ξ
−1gξ)w(g, ξ)∗ satisfies
‖wˇg − 1‖ < δ ∀g ∈ L.
If a unitary u ∈ U(C([0, 1]) ⊗ J) satisfies
u(0) = 1, ‖u(t)− αg(u(t))‖ < δ ∀t ∈ [0, 1], g ∈ L,
then there exists a unitary v ∈ U(C([0, 1]) ⊗ J) such that
v(0) = 1, ‖v(t)− αg(v(t))‖ < ε ∀t ∈ [0, 1], g ∈ K
and
‖u(t)− v(t)αξ(v(t)
∗)‖ < ε ∀t ∈ [0, 1].
Proof. Choose m ∈ N and δ > 0 so that 6π/m < ε and (84m+81)δ < ε. Define L0, L ⊂ N
by
L0 = {ξ
−igξi | g ∈ K, i = 0, 1, . . . ,m}, L = {ξ−igξi | g ∈ L0, i = 0, 1, . . . ,m}.
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Let u ∈ U(C([0, 1]) ⊗ J) be a unitary satisfying
u(0) = 1, ‖u(t)− αg(u(t))‖ < δ ∀t ∈ [0, 1], g ∈ L.
To simplify notation, we denote the cocycle action (id⊗α, 1 ⊗ w) : G y C([0, 1]) ⊗ A
by (α,w). Define ui ∈ U(C([0, 1]) ⊗ J) for i = 0, 1, 2, . . . inductively by u0 = 1 and
ui+1 = uαξ(ui). By an elementary estimate, we obtain
‖ui − αg(ui)‖ < 3iδ, ∀g ∈ {ξ
−jhξj | h ∈ L0, 0 ≤ j ≤ m+1−i}, i = 0, 1, . . . ,m+1.
Indeed, by induction, we can verify
αg(ui+1) = αg(u)(αg ◦ αξ)(ui) ≈δ u(Ad wˇg ◦ αξ ◦ αξ−1gξ)(ui)
≈2δ u(αξ ◦ αξ−1gξ)(ui) ≈3iδ uαξ(ui) = ui+1
for any g ∈ {ξ−jhξj | h ∈ L0, 0 ≤ j ≤ m−i}. By [9, Corollary 3.2 (1)], ((O∞)
ω)µ|N
contains a unital copy of O∞. Hence, by the assumption, (A
ω)α|N also contains a unital
copy of O∞. Therefore, by using the same method as [23, Theorem 7] (see also [9, Lemma
3.3]), we can find a unitary x ∈ U(C([0, 1] × [0, 1]) ⊗ J) such that
x(0, t) = 1, x(s, 0) = 1, x(1, t) = um(t), Lip(x(·, t)) < 6π ∀s, t ∈ [0, 1]
and
‖x(s, t)− αg(x(s, t))‖ < 81mδ ∀g ∈ L0.
Similarly, we get a unitary y ∈ U(C([0, 1] × [0, 1]) ⊗ J) for um+1.
Since µ : G y O∞ is outer and µ|N : N y O∞ is approximately representable, it
follows from Proposition 4.1 that µξ has Rohlin towers of height m,m+1 in ((O∞)ω)
µ|N .
Let
S = {ui(t) | 0 ≤ t ≤ 1, i = 0, 1, . . . ,m} ∪ {x(s, t), y(s, t) | s, t ∈ [0, 1]}.
By assumption there exists a unital equivariant embedding of O∞ to A
ω ∩ S′, and so we
can find projections e, f ∈ (Aω)α|N ∩ S′ such that
m−1∑
i=0
αiξ(e) +
m∑
j=0
αjξ(f) = 1, α
m
ξ (e) = e, α
m+1
ξ (f) = f.
Define a unitary v ∈ U(C([0, 1]) ⊗ Jω) by
v(t) =
m−1∑
i=0
ui(t)α
i
ξ(x(1− i/m, t))α
i
ξ(e) +
m∑
j=0
uj(t)α
j
ξ(y(1− j/m, t))α
j
ξ(f).
We can easily see v(0) = 1 and ‖u− vαξ(v
∗)‖ < 6π/m < ε. Furthermore, we get
‖v − αg(v)‖ < 3mδ + 81(m+ 1)δ = (84m+ 81)δ < ε ∀g ∈ K,
which completes the proof.
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Lemma 5.6. Suppose that an action α : Gy A of a poly-Z group is in AC(O∞, µ
G) and
that J ⊂ A is a globally α-invariant ideal. Let (ug)g∈G be an id⊗α-cocycle in U(C([0, 1])⊗
J) satisfying ug(0) = 1 for every g ∈ G. Then, for any finite subset K ⊂ G and ε > 0,
there exists a unitary v ∈ U(C([0, 1]) ⊗ J) such that
v(0) = 1, sup
t∈[0,1]
‖ug(t)− v(t)αg(v(t)
∗)‖ < ε
holds for any g ∈ K.
Proof. Notice that any outer action of any poly-Z group on O∞ is approximately repre-
sentable by Theorem 4.4. The proof is by induction on the Hirsch length of G. When
G = {1}, we have nothing to do. For a non-trivial poly-Z group G, there exists a normal
poly-Z subgroup N ⊂ G such that G/N ∼= Z. Choose and fix ξ ∈ G so that N and ξ
generate G. From the induction hypothesis we may assume that the theorem is known for
N . To simplify notation, we denote the G-action id⊗α : Gy C([0, 1]) ⊗A by α.
Suppose that we are given a finite subset K ⊂ G and ε > 0. Without loss of generality,
we may assume that there exist a finite subset K0 ⊂ N such that K = K0 ∪ {ξ}. By
applying Lemma 5.5 to K0 ⊂ N and ε/2 > 0, we obtain L ⊂ N and δ > 0. By using the
induction hypothesis to α|N : N y A, we can find a unitary v1 ∈ U(C([0, 1]) ⊗ J) such
that
v1(0) = 1, ‖ug − v1αg(v
∗
1)‖ < min{ε/2, δ/2}
for any g ∈ K0 ∪ L ∪ ξ
−1Lξ. It is not so hard to see that
αg(v
∗
1uξαξ(v1)) ≈δ/2 v
∗
1ugαg(uξ)αgξ(v1)
= v∗1ugξαgξ(v1)
= v∗1uξαξ(uξ−1gξαξ−1gξ(v1)) ≈δ/2 v
∗
1uξαξ(v1)
holds for every g ∈ L. It follows from Lemma 5.5 that there exists a unitary v2 ∈
U(C([0, 1]) ⊗ J) such that
v2(0) = 1, ‖v2 − αg(v2)‖ < ε/2 ∀g ∈ K0
and
‖v∗1uξαξ(v1)− v2αξ(v
∗
2)‖ < ε/2.
Put v = v1v2. It is routine to verify
‖ug − vαg(v
∗)‖ < ε/2 + ε/2 = ε ∀g ∈ K0
and
‖uξ − vαξ(v
∗)‖ < ε/2,
thereby completing the proof.
We introduce the notion of approximate (or asymptotic) H1-stability and H2-stability.
In what follows, we always assume that a generating subset S of a group G is symmetric
(i.e. S = S−1) and contains 1.
Definition 5.7. Let G be a poly-Z group and let S ⊂ G be a finite generating subset.
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(1) We say that (G,S) is approximately H1-stable if there exists δ > 0 satisfying the
following property. Suppose that an action α : G y A is in AC(O∞, µ
G) and that
J ⊂ A is a globally α-invariant ideal. If (ug)g is an α-cocycle in U(J)0 satisfying
‖ug − 1‖ < δ for all g ∈ S, then there exists a sequence (vn)n of unitaries in U(J)0
such that
lim
n→∞
vnαg(vn)
∗ = ug ∀g ∈ S.
(2) We say that (G,S) is asymptotically H1-stable if G has the property above with a
continuous family (vt)t∈[0,∞) instead of the sequence (vn)n.
(3) We say that (G,S) is H2-stable if for any ε > 0 there exists δ > 0 satisfying the
following property. Suppose that a cocycle action (α, u) : Gy A is in AC(O∞, µ
G)
and that J ⊂ A is a globally α-invariant ideal. If (u(g, h))g,h is contained in U(J)
and ‖u(g, h)− 1‖ < δ for all g, h ∈ S, then there exists a family of unitaries (vg)g in
U(J) such that
u(g, h) = αg(vh)
∗v∗gvgh ∀g, h ∈ G
and
‖vg − 1‖ < ε ∀g ∈ S.
In addition, when the unitaries (u(g, h))g,h are in U(J)0, we require that the unitaries
(vg)g can be taken from U(J)0.
The approximate H1-stability of Z was (essentially) proved by Nakamura [23, Lemma
8]. Obviously, Z is H2-stable. The H2-stability of Z2 was (essentially) proved in [9,
Proposition 7.10].
Lemma 5.8. Let G be a poly-Z group and let S ⊂ G be a finite generating subset.
(1) If (G,S) is approximately (or asymptotically) H1-stable and S′ ⊂ G is another finite
generating subset, then so is (G,S′).
(2) If (G,S) is H2-stable, then (G,Sm) is H2-stable for any m ∈ N.
Proof. (1) Let α : Gy A be an action and let (ug)g be an α-cocycle. For any g ∈ S
′ and
h ∈ (S′)n, one has
‖ugh − 1‖ = ‖ugαg(uh)− 1‖
≤ ‖ug − 1‖+ ‖uh − 1‖
≤ max{‖uk − 1‖ | k ∈ S
′}+max{‖uk − 1‖ | k ∈ (S
′)n}.
Thus, ‖ug − 1‖ ≤ nmax{‖uk − 1‖ | k ∈ S
′} for any g ∈ (S′)n. There exists m ∈ N such
that S ⊂ (S′)m, and so (G,S′) is approximately (or asymptotically) H1-stable.
(2) Suppose that we are given ε > 0. Let δ > 0 be the constant derived from the
H2-stability of G for S ⊂ G and ε/(2m) > 0. We show that δ′ = min{δ, ε/(2m)} meets
the requirement.
Suppose that a cocycle action (α, u) : G y A on a unital C∗-algebra A belongs to
AC(O∞, µ
G) and that J ⊂ A is a globally α-invariant ideal. Assume that (u(g, h))g,h
is contained in U(J) (resp. U(J)0) and ‖u(g, h) − 1‖ < δ
′ for all g, h ∈ Sm. By the
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H2-stability, there exists a family of unitaries (vg)g in U(J)0 (resp. U(J)0) such that
u(g, h) = αg(vh)
∗v∗gvgh for all g, h ∈ G and
‖vg − 1‖ < ε/(2m) ∀g ∈ S.
For any n ≤ m, g ∈ S and h ∈ Sn, we have
‖vgh − 1‖ ≤ ‖u(g, h) − 1‖+ ‖vg − 1‖+ ‖vh − 1‖ < δ
′ + ε/(2m) + ‖vh − 1‖.
Therefore, ‖vg − 1‖ < mδ
′ + ε/2 ≤ ε for any g ∈ Sm.
Lemma 5.9. Let G be a poly-Z group and let S ⊂ G be a finite generating subset. Suppose
that (G,S) is approximately H1-stable and H2-stable. Then, for any ε > 0 there exists
δ > 0 such that the following holds.
Suppose that an action α : G y A is in AC(O∞, µ
G) and that J ⊂ A is a globally
α-invariant ideal. If (ug)g is an α-cocycle in U(J)0 satisfying ‖ug − 1‖ < δ for all g ∈ S,
then for any ε′ > 0, there exists a unitary u ∈ U(C([0, 1]) ⊗ J)0 such that
u(0) = 1, ‖u(1)ugαg(u(1))
∗ − 1‖ < ε′,
‖αg(u(1)) − u(1)‖ < δ, ‖αg(u(t)) − u(t)‖ < ε ∀g ∈ S, t ∈ [0, 1].
Proof. Let δ1 > 0 be the constant derived from the approximate H
1-stability of G.
Let δ2 > 0 be the constant derived from the H
2-stability of G for ε/4 > 0. Set δ =
min{ε/8, δ1, δ2/6}.
Suppose that an action α : G y A is in AC(O∞, µ
G) and that J ⊂ A is a globally
α-invariant ideal. Let (ug)g be an α-cocycle in U(J)0 satisfying
‖ug − 1‖ < δ ∀g ∈ S.
Let ε′ > 0. To simplify notation, we denote the G-action id⊗α : Gy C([0, 1]) ⊗A by α.
By the approximate H1-stability of G, we can find x0 ∈ U(J)0 such that
‖x0ugαg(x0)
∗ − 1‖ < min
{
ε′
2
, δ−max{‖uh−1‖ | h ∈ S}
}
∀g ∈ S.
Then we have ‖x0−αg(x0)‖ < δ for all g ∈ S, and hence ‖x0−αg(x0)‖ < 2δ for all g ∈ S
2.
Choose x ∈ U(C([0, 1] ⊗ J)0 so that x(0) = 1, x(1) = x0. For each g ∈ S
2, there exists
vg ∈ U(C([0, 1]) ⊗ J)0 such that vg(0) = vg(1) = 1 and
‖vg − xαg(x)
∗‖ < 2δ ∀g ∈ S2.
For g ∈ G \ S2, we let vg = 1. Then we may think of (α
v, w) as a cocycle action on
C([0, 1]) ⊗A, where
w(g, h) = vgαg(vh)v
∗
gh ∈ U(C0((0, 1)) ⊗ J).
For any g, h ∈ S, we have ‖w(g, h) − 1‖ < 6δ ≤ δ2. Hence, by the H
2-stability, we obtain
(yg)g in U(C0((0, 1)) ⊗ J) such that
w(g, h) = αvg(yh)
∗y∗gygh ∀g, h ∈ G
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and
‖yg − 1‖ < ε/4 ∀g ∈ S.
Set v˜g = ygvg. It is easy to check that (v˜g)g is an α-cocycle such that v˜g(0) = v˜g(1) = 1
and
‖v˜g − xαg(x)
∗‖ < ε/4 + ‖vg − xαg(x)
∗‖ < ε/4 + 2δ ≤ ε/2 ∀g ∈ S.
It follows from Lemma 5.6 that there exists z ∈ U(C([0, 1]) ⊗ J) such that z(0) = 1 and
‖v˜g − zαg(z)
∗‖ < min
{
ε
2
,
ε′
2
, δ−max{‖x0 − αh(x0)‖ | h ∈ S}
}
.
Put u = z∗x ∈ U(C([0, 1]) ⊗ J). Clearly u(0) = 1. For any g ∈ S, one has
u(1)ugαg(u(1))
∗ = z(1)∗x(1)ugαg(x(1))
∗αg(z(1)) ≈ε′/2 z(1)
∗αg(z(1)) ≈ε′/2 1,
u(1)αg(u(1))
∗ = z(1)∗x(1)αg(x(1))αg(z(1)
∗) = z(1)∗x0αg(x0)αg(z(1)
∗) ≈δ 1
and
u(t)αg(u(t))
∗ = z(t)∗x(t)αg(x(t)
∗)αg(z(t)) ≈ε/2 z(t)
∗v˜g(t)αg(z(t)) ≈ε/2 1,
which complete the proof.
Lemma 5.10. Let G be a poly-Z group and let N ⊂ G be a normal poly-Z subgroup such
that G/N ∼= Z. Choose and fix ξ ∈ G so that G is generated by N and ξ. Let S ⊂ N be
a finite generating subset. Suppose that (N,S) is approximately H1-stable and H2-stable.
For any ε > 0 there exists δ > 0 such that the following holds.
Suppose that a cocycle action (α, u) : G y A is in AC(O∞, µ
G) and that J ⊂ A is
a globally α-invariant ideal. Assume further that u(g, h) = 1 for all g, h ∈ N and the
α|N -cocycle uˇg = u(ξ, ξ
−1gξ)u(g, ξ)∗ is contained in U(J)0. If ‖uˇg − 1‖ < δ for all g ∈ S,
then for any ε′ > 0, there exist unitaries u, v ∈ U(J)0 such that
‖uuˇgαg(u)
∗ − 1‖ < ε′, ‖u− αg(u)‖ < δ,
‖u− vαξ(v)
∗‖ < ε, ‖v − αg(v)‖ < ε
hold for all g ∈ S.
Proof. Applying Lemma 5.5 to S ⊂ N and ε > 0, we get a finite subset L ⊂ N and δ1 > 0.
There exists m ∈ N such that L ⊂ Sm. Applying Lemma 5.9 to S ⊂ N and δ1/m > 0, we
get δ > 0. We may assume that δ is not greater than δ1.
Suppose that a cocycle action (α, u) : G y A on a unital C∗-algebra A belongs to
AC(O∞, µ
G) and that J ⊂ A is a globally α-invariant ideal. Assume that u(g, h) = 1
for all g, h ∈ N and that the α|N -cocycle uˇg = u(ξ, ξ
−1gξ)u(g, ξ)∗ belongs to U(J)0 and
satisfies
‖uˇg − 1‖ < δ ∀g ∈ S.
Let ε′ > 0. By Lemma 5.9, there exists a unitary u ∈ U(C([0, 1]) ⊗ J)0 such that
u(0) = 1, ‖u(1)uˇgαg(u(1))
∗ − 1‖ < ε′,
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‖αg(u(1)) − u(1)‖ < δ, ‖αg(u(t)) − u(t)‖ < δ1/m ∀g ∈ S, t ∈ [0, 1].
By the choice of m, one has
‖αg(u(t))− u(t)‖ < δ1 ∀g ∈ L, t ∈ [0, 1].
It follows from Lemma 5.5 that there exists a unitary v ∈ U(J)0 such that
‖v − αg(v)‖ < ε ∀g ∈ S
and
‖u(1) − vαξ(v
∗)‖ < ε,
which complete the proof.
Lemma 5.11. Let G be a poly-Z group and let N ⊂ G be a normal poly-Z subgroup such
that G/N ∼= Z. Let S ⊂ N be a finite generating subset (with S = S−1 and 1 ∈ S). If
(N,S) is approximately H1-stable and H2-stable, then there exists a finite generating set
S′ ⊂ G such that (G,S′) is H2-stable.
Proof. Choose and fix ξ ∈ G so that G is generated by N and ξ. There exists m ∈ N such
that S ∪ ξ−1Sξ ⊂ Sm. Put S′ = Sm ∪ {ξ, ξ−1} ⊂ G. Suppose that we are given ε > 0.
Let (εn)n be a sequence of positive real numbers such that
∑
n εn < ε/(2m). Applying
the previous lemma to εn, we obtain 0 < δn < 1. We may assume δn → 0 as n → ∞.
By Lemma 5.8 (2), (N,Sm) is H2-stable. Let δ0 > 0 be the constant derived from the
H2-stability of N for Sm and min{ε/2, δ1/4} > 0. Set δ = min{ε/2, δ0, δ1/4}.
Suppose that a cocycle action (α, u) : Gy A on a unital C∗-algebra A is in AC(O∞, µ
G)
and that J ⊂ A is a globally α-invariant ideal. Assume that (u(g, h))g,h is contained in
U(J) and
‖u(g, h) − 1‖ < δ ∀g, h ∈ S′.
By the H2-stability of N , we can find unitaries (wg)g∈N in U(J) such that
‖wg − 1‖ < min{ε/2, δ1/4} ∀g ∈ S
m
and
u(g, h) = αg(wh)
∗w∗gwgh ∀g, h ∈ N.
Put wg = 1 for G \ N . We consider the perturbation (α
w, uw) of (α, u) by w. Since
uw(g, h) = 1 for all g, h ∈ N , αw|N is a genuine action. Moreover, one has
αwξ ◦ α
w
ξ−1gξ ◦ (α
w
ξ )
−1 = Ad uˇwg ◦ α
w
g ∀g ∈ N,
where (uˇwg )g is an α
w|N -cocycle in U(J) defined by uˇwg = u
w(ξ, ξ−1gξ)uw(g, ξ)∗. For every
g ∈ S, we can verify
uˇwg = αξ(wξ−1gξ)u(ξ, ξ
−1gξ)u(g, ξ)∗w∗g ≈δ1/2 u(ξ, ξ
−1gξ)u(g, ξ)∗ ≈δ1/2 1.
In particular, (uˇwg )g∈N are in U(J)0. It follows from the previous lemma that there exist
unitaries u1, v1 ∈ U(J)0 such that
‖u1uˇ
w
g α
w
g (u1)
∗ − 1‖ < δ2, ‖u1 − α
w
g (u1)‖ < δ1,
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‖u1 − v1α
w
ξ (v1)
∗‖ < ε1, ‖v1 − α
w
g (v1)‖ < ε1
hold for all g ∈ S. We define unitaries (x1,g)g∈G in U(J)0 by
x1,g =

v∗1α
w
g (v1) g ∈ N
v∗1u1α
w
ξ (v1) g = ξ
1 otherwise.
It is easy to see
‖x1,g − 1‖ < kε1 ∀g ∈ S
k, k ∈ N
and ‖x1,ξ− 1‖ < ε1. Let (α
(2), u(2)) be the cocycle perturbation of (αw, uw) by (x1,g)g, i.e.
α(2)g = Adx1,g ◦ α
w
g
and
u(2)(g, h) = x1,gα
w
g (x1,h)u
w(g, h)x∗1,gh.
Then we have
α
(2)
ξ ◦ α
(2)
ξ−1gξ
◦ (α
(2)
ξ )
−1 = Ad uˇ(2)g ◦ α
(2)
g ∀g ∈ N,
where (uˇ
(2)
g )g is an α
(2)|N -cocycle in U(J) defined by
uˇ(2)g = u
(2)(ξ, ξ−1gξ)u(2)(g, ξ)∗
= x1,ξα
w
ξ (x1,ξ−1gξ)u
w(ξ, ξ−1gξ)x∗1,gξ ·
(
x1,gα
w
g (x1,ξ)u
w(g, ξ)x∗1,gξ
)∗
= v∗1u1α
w
ξ (v1)α
w
ξ (v
∗
1α
w
ξ−1gξ(v1))u
w(ξ, ξ−1gξ)uw(g, ξ)∗αwg (v
∗
1u1α
w
ξ (v1))
∗αwg (v1)
∗v1
= v∗1u1u
w(ξ, ξ−1gξ)αwgξ(v1)α
w
gξ(v1)
∗uw(g, ξ)∗αwg (u1)
∗v1
= v∗1u1uˇ
w
g α
w
g (u1)
∗v1 ∀g ∈ N.
Clearly,
‖uˇ(2)g − 1‖ = ‖u1uˇ
w
g α
w
g (u1)
∗ − 1‖ < δ2.
holds for every g ∈ S. In particular, the unitaries (uˇ
(2)
g )g∈N belong to U(J)0. It follows
from the previous lemma that there exist unitaries u2, v2 ∈ U(J)0 such that
‖u2uˇ
(2)
g α
(2)
g (u2)
∗ − 1‖ < δ3, ‖u2 − α
(2)
g (u2)‖ < δ2,
‖u2 − v2α
(2)
ξ (v2)
∗‖ < ε2, ‖v2 − α
(2)
g (v2)‖ < ε2
hold for all g ∈ S. We define unitaries (x2,g)g∈G in U(J)0 by
x2,g =

v∗2α
(2)
g (v2) g ∈ N
v∗2u2α
(2)
ξ (v2) g = ξ
1 otherwise.
It is easy to see
‖x2,g − 1‖ < kε2 ∀g ∈ S
k, k ∈ N
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and ‖x2,ξ − 1‖ < ε2. Let (α
(3), u(3)) be the cocycle perturbation of (α(2), u(2)) by (x2,g)g.
Then we have
α
(3)
ξ ◦ α
(3)
ξ−1gξ
◦ (α
(3)
ξ )
−1 = Ad uˇ(3)g ◦ α
(3)
g ∀g ∈ N,
where (uˇ
(3)
g )g is an α
(3)|N -cocycle in U(J) defined by
uˇ(3)g = u
(3)(ξ, ξ−1gξ)u(3)(g, ξ)∗ = v∗2u2uˇ
(2)
g α
(2)
g (u2)
∗v2 ∀g ∈ N.
Clearly,
‖uˇ(3)g − 1‖ = ‖u2uˇ
(2)
g α
(2)
g (u2)
∗ − 1‖ < δ3.
holds for every g ∈ S, and hence (uˇ
(3)
g )g∈N are contained in U(J)0.
Repeating the same process, for each n ≥ 3, we get a family of unitaries (xn,g)g, a
cocycle action (α(n), u(n)) and an α(n)|N -cocycle (uˇ
(n)
g )g such that the following hold.
• (α(n), u(n)) is the cocycle perturbation of (α(n−1), u(n−1)) by (xn−1,g)g.
• u(n)(g, h) = 1 for all g, h ∈ N .
• α
(n)
ξ ◦ α
(n)
ξ−1gξ
◦ (α
(n)
ξ )
−1 = Ad uˇ
(n)
g ◦ α
(n)
g for all g ∈ N .
• ‖uˇ(n)(ξ, ξ−1gξ)− uˇ(n)(g, ξ)‖ < δn for all g ∈ S.
• ‖xn,ξ − 1‖ < εn and ‖xn,g − 1‖ < kεn for all g ∈ S
k, k ∈ N, and xn,g = 1 for all
g /∈ N ∪ {ξ}.
Moreover, since
∑
n εn < ε/(2m), the limit
xg = lim
n→∞
xn,gxn−1,g . . . x1,g
exists for all g ∈ G and ‖xg − 1‖ < ε/(2m) for all g ∈ S ∪ {ξ}. Let (α
′, u′) be the cocycle
perturbation of (αw, uw) by (xg)g. Then, we obtain u
′(g, h) = 1 and u′(ξ, ξ−1gξ) = u′(g, ξ)
for all g, h ∈ N . Hence there uniquely exists a family of unitaries (yg)g∈G in U(J) such
that yg = 1 for all g ∈ N ∪{ξ} and the cocycle perturbation of (α
′, u′) by (yg)g is a genuine
action. Note that
yξ−1 = u
′(ξ−1, ξ)∗ = (αξ−1(xξ)u
w(ξ−1, ξ))∗ ≈ε/(2m) u
w(ξ−1, ξ)∗ = u(ξ−1, ξ)∗ ≈ε/2 1.
Consequently,
‖yξxξwξ − 1‖ = ‖xξ − 1‖ < ε/(2m),
‖yξ−1xξ−1wξ−1 − 1‖ = ‖yξ−1 − 1‖ < ε
and
‖ygxgwg − 1‖ = ‖xgwg − 1‖ < ε/2 + ε/2 = ε
for all g, h ∈ Sm.
When the family of unitaries (u(g, h))g,h∈G is contained in U(J)0, we can choose
(wg)g∈N and (yg)g∈G from U(J)0, thereby completing the proof.
Lemma 5.12. Let G be a poly-Z group and let S ⊂ G be a finite generating subset. If
(G,S) is H2-stable, then it is approximately H1-stable.
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Proof. Let δ > 0 be the constant derived from the H2-stability of (G,S) for ε = 1.
Suppose that an action α : G y A is in AC(O∞, µ
G) and that J ⊂ A is a globally
α-invariant ideal. Assume that an α-cocycle (ug)g in U(J)0 satisfies ‖ug − 1‖ < δ/6 for all
g ∈ S. Then we have ‖ug − 1‖ < δ/3 for all g ∈ S
2. To simplify notation, we denote the
G-action id⊗α : Gy C([0, 1])⊗A by α. For each g ∈ G, we choose vg ∈ U(C([0, 1])⊗J)0
such that vg(0) = 1, vg(1) = ug for all g ∈ G and ‖vg − 1‖ < δ/3 for all g ∈ S
2. Let
σg = Ad vg ◦αg and let w(g, h) = vgαg(vh)v
∗
gh ∈ U(C0((0, 1))⊗J). Then (σ,w) is a cocycle
action of G on C([0, 1]) ⊗ A satisfying ‖w(g, h) − 1‖ < δ for all g, h ∈ S. Applying the
H2-stability of (G,S), we get u˜g ∈ U(C0((0, 1))⊗J) satisfying w(g, h) = σg(u˜h)
∗u˜∗gu˜gh for
all g, h ∈ S. It is routine to check that (u˜gvg)g is an α-cocycle satisfying (u˜gvg)(0) = 1
and (u˜gvg)(1) = ug. Now the statement follows from Lemma 5.6.
Lemma 5.13. Let G be a poly-Z group and let S ⊂ G be a finite generating subset. If
(G,S) is approximately H1-stable and H2-stable, then it is asymptotically H1-stable.
Proof. Applying Lemma 5.9 to ε = 1/n, we get δn > 0. We may assume δn → 0 as n→∞.
Suppose that an action α : G y A on a unital C∗-algebra A belongs to AC(O∞, µ
G)
and that J ⊂ A is a globally α-invariant ideal. Assume that an α-cocycle (ug)g in U(J)0
satisfies ‖ug−1‖ < δ1 for all g ∈ S. By Lemma 5.9, we can find a unitary v1 ∈ U(C([0, 1])⊗
J)0 such that
v1(0) = 1, ‖v1(1)ugαg(v1(1))
∗ − 1‖ < δ2,
‖αg(v1(t))− v1(t)‖ < 1 ∀g ∈ S, t ∈ [0, 1].
Then u
(1)
g = v1(1)ugαg(v1(1))
∗ form an α-cocycle satisfying ‖u
(1)
g − 1‖ < δ2 for all g ∈ S.
Again using Lemma 5.9, we can find a unitary v2 ∈ U(C([0, 1]) ⊗ J)0 such that
v2(0) = 1, ‖v2(1)u
(1)
g αg(v2(1))
∗ − 1‖ < δ3,
‖αg(v2(t))− v2(t)‖ < 1/2 ∀g ∈ S, t ∈ [0, 1].
Then u
(2)
g = v2(1)u
(1)
g αg(v2(1))
∗ form an α-cocycle satisfying ‖u
(2)
g − 1‖ < δ3 for all g ∈ S.
Repeating this process, we obtain vn and (u
(n)
g )g. We inductively construct a continu-
ous map w : [0,∞) → U(J)0 by w(t) = v1(t) for t ∈ [0, 1] and w(t) = vn+1(t−n)w(n) for
t ∈ [n, n+1]. For t ∈ [n, n+1] and g ∈ S, we have
‖w(t)ugαg(w(t))
∗ − 1‖ = ‖vn+1(t−n)w(n)ugαg(vn+1(t−n)w(n))
∗ − 1‖
= ‖vn+1(t−n)u
(n)
g αg(vn+1(t−n))
∗ − 1‖
< ‖vn+1(t−n)u
(n)
g vn+1(t−n)
∗ − 1‖+ (n+ 1)−1
< δn+1 + (n+ 1)
−1,
which shows that the family (w(t))t has the desired property.
Theorem 5.14. Let G be a poly-Z group. There exists a finite generating subset S ⊂ G
such that (G,S) is asymptotically H1-stable and H2-stable.
Proof. This follows from induction using Lemma 5.11, Lemma 5.12 and Lemma 5.13.
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6 KK-trivial cocycle conjugacy
In this section, we establish Theorem 6.4 and Theorem 6.5, which will be the main tool
for classification theorems in Section 7 and Section 8.
First, let us recall a refinement of Nakamura’s homotopy theorem from [10].
Theorem 6.1 ([10, Theorem 5.5]). Let A be a unital separable C∗-algebra and let I ⊂ A be
an ideal. Let (α, u) : Gy A be a cocycle action of a countable discrete group G. Suppose
that (A♭)
α contains a unital copy of O∞. For any continuous map x : [0, 1]×[0,∞) → U(I),
there exists a continuous map y : [0, 1] × [0,∞)→ U(I) such that
y(0, t) = x(0, t), y(1, t) = x(1, t), Lip(y(·, t)) < 25π ∀t ∈ [0,∞),
lim sup
t→∞
sup
s∈[0,1]
‖[y(s, t), a]‖ ≤ 243 lim sup
t→∞
sup
s∈[0,1]
‖[x(s, t), a]‖ ∀a ∈ A
and
lim sup
t→∞
sup
s∈[0,1]
‖αg(y(s, t)) − y(s, t)‖ ≤ 243 lim sup
t→∞
sup
s∈[0,1]
‖αg(x(s, t)) − x(s, t)‖ ∀g ∈ G.
For every poly-Z group G, we choose and fix an outer action µG : Gy O∞.
Lemma 6.2. Let G be a poly-Z group. For any ε > 0, there exist a finite generating
subset S ⊂ G and δ > 0 such that the following holds.
Suppose that an action α : G y A on a unital separable C∗-algebra A belongs to
AC(O∞, µ
G) and that J ⊂ A is a globally α-invariant ideal. If (ug)g is an α-cocycle in
U(J ♭ ∩ A′)0 satisfying ‖ug − 1‖ < δ for all g ∈ S, then there exists a continuous map
w : [0, 1] → U(J ♭ ∩ A′)0 such that w(0) = 1, ‖w(t) − αg(w(t))‖ < ε for all t ∈ [0, 1] and
g ∈ S and ug = w(1)αg(w(1))
∗ for all g ∈ G.
Proof. By Theorem 5.14, there exists a finite generating subset S ⊂ G such that (G,S)
is asymptotically H1-stable and H2-stable. Let δ1 > 0 be the constant derived from the
asymptotic H1-stability of (G,S). We may and do assume δ1 < ε/243. Let δ2 > 0 be the
constant derived from the H2-stability of (G,S) for δ1/2. Put δ = min{δ1/2, δ2/3}.
Suppose that an action α : Gy A on a unital separable C∗-algebra A is in AC(O∞, µ
G)
and that J ⊂ A is a globally α-invariant ideal. By Lemma 5.3, id⊗α : Gy C([0, 1])⊗A♭
is also in AC(O∞, µ
G). By abuse of notation, id⊗α is simply denoted by α. Let (ug)g be
an α-cocycle in U(J ♭∩A′)0 satisfying ‖ug−1‖ < δ for all g ∈ S
2. Choose continuous paths
u˜g : [0, 1] → U(J
♭ ∩ A′)0 such that u˜g(0) = 1, u˜g(1) = ug for all g ∈ G and ‖u˜g − 1‖ < δ
for all g ∈ S2. Then
v(g, h) = u˜gαg(u˜h)u˜
∗
gh ∈ U(C0((0, 1)) ⊗ (J
♭ ∩A′)),
and (αu˜, v) is a cocycle action on C([0, 1]) ⊗ (J ♭ ∩A′). Since
‖v(g, h) − 1‖ < 3δ ≤ δ2 ∀g ∈ S,
the H2-stability implies that there exists a family of unitaries (uˆg)g in U(C0((0, 1))⊗ (J
♭ ∩
A′)) such that v(g, h) = αu˜g (uˆ
∗
h)uˆ
∗
guˆgh for all g, h ∈ G and ‖uˆg − 1‖ < δ1/2 for all g ∈ S. It
is routine to check that (uˆgu˜g)g is a path of α-cocycles from 1 to (ug)g satisfying
‖uˆgu˜g − 1‖ < δ1/2 + δ ≤ δ1 ∀g ∈ S.
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To simplify notation, we write (u˜g)g instead of (uˆgu˜g)g. The asymptotic H
1-stability
yields a continuous map x : [0,∞) → U(C0((0, 1]) ⊗ (J
♭ ∩ A′))0 such that x(0) = 1 and
x(s)αg(x(s)
∗)→ u˜g as s→∞.
We would like to find a lift xˆ : [0,∞) → U(C0((0, 1]) ⊗ Cb([0,∞), J)) of x satisfying
xˆ(0) = 1. For each n ∈ N ∪ {0}, the restriction of x to [n, n+1] is regarded as an
element of U(C([n, n+1]) ⊗ C0((0, 1]) ⊗ J
♭), and so there exists a lift xˆn : [n, n+1] →
U(C0((0, 1]) ⊗ Cb([0,∞), J)). We may assume xˆ0(0) = 1. Inductively we define xˆ by
xˆ(s) = xˆ0(s) for s ∈ [0, 1] and xˆ(s) = xˆ(n)xˆn(n)
∗xˆn(s) for s ∈ (n, n+1]. Then xˆ : [0,∞)→
U(C0((0, 1]) ⊗ Cb([0,∞), J)) is a lift of x. We treat xˆ as a continuous function in two
variables (s, t) ∈ [0,∞)× [0,∞).
Let (Fn)n∈N be an increasing sequence of finite subsets of A whose union is dense in A.
By abuse of notation, we identify u˜g ∈ U(C0((0, 1])⊗ (J
♭ ∩A′)) with its lift u˜g : [0,∞)→
U(C0((0, 1]) ⊗ J), and may assume ‖u˜g(t) − 1‖ < δ1 for all g ∈ S and t ∈ [0,∞). We
choose a strictly increasing sequence (sn)n∈N of positive real numbers satisfying
‖x(s)αg(x(s)
∗)− u˜g‖ < 1/n ∀s ≥ sn, g ∈ S,
and choose a strictly increasing sequence (tn)n∈N of positive real numbers satisfying
‖xˆ(s, t)αg(xˆ(s, t)
∗)− u˜g(t)‖ < 1/n ∀s ∈ [sn, sn+1], t ≥ tn, g ∈ S,
‖[xˆ(s, t), 1 ⊗ a]‖ < 1/n ∀s ∈ [0, sn+1], t ≥ tn, a ∈ Fn.
We define a continuous piecewise linear function f : [0,∞) → [0,∞) as follows: for
t ∈ [0, t1], we set f(t) = s1t/t1, and for t ∈ [tn, tn+1] with n ≥ 1 we set
f(t) = sn +
(sn+1 − sn)(t− tn)
tn+1 − tn
.
Then z(t) = xˆ(f(t), t) is a continuous map from [0,∞) to U(C0((0, 1]) ⊗ J) satisfying
lim
t→∞
z(t)αg(z(t)
∗) = u˜g and lim
t→∞
[z(t), 1 ⊗ a] = 0 ∀g ∈ G, ∀a ∈ A.
Notice that one has
lim sup
t→∞
‖z(t)− αg(z(t))‖ ≤ δ1 ∀g ∈ S.
Regard z as a continuous function in two variables (r, t) ∈ [0, 1] × [0,∞). Applying
Theorem 6.1 to z(r, t), we can get a continuous map w : [0, 1] → U(J ♭ ∩ A′)0 with the
desired properties.
Proposition 6.3. Let G be a poly-Z group. Suppose that a cocycle action (α, u) : Gy A
on a unital separable C∗-algebra A is in AC(O∞, µ
G) and that I ⊂ A is a globally α-
invariant ideal. Suppose that a family (xg)g∈G of continuous maps from [0, 1] × [0,∞) to
U(I) satisfies
lim
t→∞
max
s∈[0,1]
‖[xg(s, t), a]‖ = 0 ∀g ∈ G, a ∈ A,
lim
t→∞
max
s∈[0,1]
‖xg(s, t)αg(xh(s, t)) − xgh(s, t)‖ = 0 ∀g, h ∈ G
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and xg(0, t) = 1. Then there exists a continuous map y : [0,∞)→ U(I) such that
lim
t→∞
‖[y(t), a]‖ = 0 ∀a ∈ A
and
lim
t→∞
‖xg(1, t) − y(t)αg(y(t)
∗)‖ = 0 ∀g ∈ G.
Moreover, the equivalence class of (y(t))t in A
♭ belongs to U(I♭ ∩A′)0.
Proof. The proof is by induction on the Hirsch length of G. When G is trivial, we have
nothing to do. Suppose that the theorem is known for any poly-Z groups with Hirsch
length less than l. Let G be a poly-Z group with Hirsch length l. There exists a normal
poly-Z subgroup N ⊂ G whose Hirsch length equals l − 1. Take ξ ∈ G so that G is
generated by N and ξ.
Let I ⊂ A, (α, u) : G y A and (xg)g∈G be as in the statement. We define an ideal J
of C([0, 1], A) by
J = {f : [0, 1]→ A | f(s) ∈ I ∀s ∈ [0, 1], f(0) = 0}.
Set x˜g(r, s, t) = xg(rs, t) for (r, s, t) ∈ [0, 1] × [0, 1] × [0,∞). Then (r, t) 7→ x˜g(r, ·, t) is
regarded as a continuous map from [0, 1]× [0,∞) to U(J). By Lemma 5.2 (2), (id⊗α, 1⊗
u) : G y C([0, 1], A) is also in AC(O∞, µ
G). By the induction hypothesis, there exists a
continuous map y1 : [0, 1] × [0,∞)→ U(I) such that
lim
t→∞
sup
s∈[0,1]
‖[y1(s, t), a]‖ = 0 ∀a ∈ A,
lim
t→∞
sup
s∈[0,1]
‖xg(s, t)− y1(s, t)αg(y1(s, t)
∗)‖ = 0 ∀g ∈ N
and y1(0, t) = 1. By Theorem 6.1, the equivalence class of (y1(1, t))t in A
♭ belongs to
U(I♭ ∩A′)0. Put x
′
g(s, t) = y1(s, t)
∗xg(s, t)αg(y1(s, t)). It is easy to see
lim
t→∞
max
s∈[0,1]
‖[x′ξ(s, t), a]‖ = 0 ∀a ∈ A,
lim
t→∞
max
s∈[0,1]
‖αg(x
′
ξ(s, t))− x
′
ξ(s, t)‖ = 0 ∀g ∈ N
and x′ξ(0, t) = 1. Since α : G y A♭ is in AC(O∞, µ
G) by Lemma 5.3 (3), we can find
Rohlin projections for αξ in (A♭)
α|N . This, together with Theorem 6.1, enables us to apply
the usual stability argument. Thus, for any ε > 0, there exists y2 : [0,∞) → U(I) such
that
lim
t→∞
‖[y2(t), a]‖ = 0 ∀a ∈ A, lim
t→∞
‖αg(y2(t))− y2(t)‖ = 0 ∀g ∈ N
and
lim sup
t→∞
‖x′ξ(1, t)− y2(t)αξ(y2(t)
∗)‖ < ε.
Moreover, the equivalence class of (y2(t))t in A
♭ belongs to U(I♭ ∩A′)0. Consequently we
have
lim sup
t→∞
‖xg(1, t) − y1(1, t)y2(t)αg(y2(t)
∗y1(1, t)
∗)‖ < ε
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for all g ∈ N ∪ {ξ}. Let (xg)g denote the α-cocycle in U(I
♭ ∩ A′) consisting of the
equivalence classes of (xg(1, t))t. The above argument means that for any ε > 0 there
exists y ∈ U(I♭ ∩A′)0 such that ‖xg − yαg(y
∗)‖ < ε holds for any g ∈ N ∪ {ξ}. Then the
statement follows from the lemma above.
Theorem 6.4. Let G be a poly-Z group and let A be a unital separable C∗-algebra. Let
(α, u) : G y A and (β, v) : G y A be cocycle actions belonging to AC(O∞, µ
G). Suppose
that there exists a family (xg)g of unitaries in A
♭ such that
(Adxg ◦ αg)(a) = βg(a) ∀g ∈ G, ∀a ∈ A,
xgαg(xh)u(g, h)x
∗
gh = v(g, h) ∀g, h ∈ G.
Then (α, u) and (β, v) are cocycle conjugate via an asymptotically inner automorphism.
Theorem 6.5. Let G be a poly-Z group and let (α, u) and (β, v) be cocycle actions of G
on a unital separable C∗-algebra A. Suppose that there exists a family (xg)g of unitaries
in Cb([0,∞), A) such that
lim
s→∞
(Adxg(s) ◦ αg)(a) = βg(a) ∀g ∈ G, ∀a ∈ A,
lim
s→∞
xg(s)αg(xh(s))u(g, h)xgh(s)
∗ = v(g, h) ∀g, h ∈ G.
Then there exist a continuous map w : [0,∞) → U(A ⊗ O∞), γ ∈ Aut(A ⊗ O∞) and a
family (cg)g of unitaries in A⊗O∞ satisfying
lim
s→∞
Adw(s)(a) = γ(a) ∀a ∈ A⊗O∞,
lim
s→∞
w(s)(xg(s)⊗ 1)(αg ⊗ µ
G
g )(w(s))
∗ = cg ∀g ∈ G
and
cg(αg ⊗ µ
G
g )(ch)(u(g, h) ⊗ 1)c
∗
gh = γ(v(g, h) ⊗ 1) ∀g, h ∈ G.
Notice that the conclusion of Theorem 6.5 implies
(γ ◦ (βg ⊗ µ
G
g ) ◦ γ
−1)(a) = (Adw ◦Ad(xg ⊗ 1) ◦ (αg ⊗ µ
G
g ) ◦ Adw
∗)(a)
= ((Adw(xg ⊗ 1)(αg ⊗ µ
G
g )(w
∗)) ◦ (αg ⊗ µ
G
g ))(a)
= (Ad cg ◦ (αg ⊗ µ
G
g ))(a)
for all g ∈ G and a ∈ A. Therefore, (α ⊗ µG, u⊗ 1) and (β ⊗ µG, v ⊗ 1) are KK-trivially
cocycle conjugate.
Proof of Theorem 6.4 and Theorem 6.5. The proof is by induction on the Hirsch length
of G. By [23, Theorem 5], Theorem 6.4 is known for G = Z.
Let G be a poly-Z group. Assuming that Theorem 6.4 is known for G, we would like
to prove that Theorem 6.5 holds for G.
Let (α, u) : G y A, (β, v) : G y A and (xg)g be as in the statement. We denote
the one point compactification of [0,∞) by [0,∞] = [0,∞) ∪ {∞}. Define cocycle actions
(α˜, u˜), (β˜, v˜) of G on C([0,∞], A ⊗O∞) by
α˜g(f)(s) = (αg ⊗ µ
G
g )(f(s)), u˜(g, h)(s) = u(g, h) ⊗ 1,
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β˜g(f)(s) =
{
(Ad(xg(s)⊗ 1) ◦ (αg ⊗ µ
G
g ))(f(s)) s ∈ [0,∞)
(βg ⊗ µ
G
g )(f(s)) s =∞
and
v˜(g, h) =
{
(xg(s)αg(xh(s))u(g, h)x
∗
gh)⊗ 1 s ∈ [0,∞)
v(g, h) ⊗ 1 s =∞
It is easy to see that (α˜, u˜) and (β˜, v˜) are in AC(O∞, µ
G). We define a continuous map x˜g
from [0,∞) to U(C([0,∞], A ⊗O∞)) by
x˜g(s, t) = xg(min{s, t})⊗ 1 ∀(s, t) ∈ [0,∞]× [0,∞).
We think of x˜g as a unitary in (C([0,∞], A ⊗O∞))
♭. It is not so hard to see
(Ad x˜g ◦ α˜g)(f) = β˜g(f) ∀f ∈ C([0,∞], A ⊗O∞).
Moreover we can check
x˜gα˜g(x˜h)u˜(g, h)x˜
∗
gh = v˜(g, h) ∀g, h ∈ G.
It follows from Theorem 6.4 that there exist an asymptotically inner automorphism γ ∈
Aut(C([0,∞], A ⊗O∞)) and a family (cg)g of unitaries in C([0,∞], A ⊗O∞) such that
Ad cg ◦ α˜g = γ ◦ β˜g ◦ γ
−1 ∀g ∈ G
and
cgα˜g(ch)u˜(g, h)c
∗
gh = γ(v˜(g, h)) ∀g, h ∈ G.
We write γ = (γs)s and cg = (cg(s))s for s ∈ [0,∞]. For s ∈ [0,∞), we have
γ−10 ◦ γs ◦ Ad(xg(s)⊗ 1) ◦ (αg ⊗ µ
G
g ) ◦ γ
−1
s ◦ γ0
= γ−10 ◦Ad cg(s) ◦ (αg ⊗ µ
G
g ) ◦ γ0
= Ad γ−10 (cg(s)cg(0)
∗) ◦ γ−10 ◦ Ad cg(0) ◦ (αg ⊗ µ
G
g ) ◦ γ0
= Ad γ−10 (cg(s)cg(0)
∗) ◦ Ad(xg(0)⊗ 1) ◦ (αg ⊗ µ
G
g ).
Similarly we have
γ−10 ◦ γ∞ ◦ (βg ⊗ µ
G
g ) ◦ γ
−1
∞ ◦ γ0 = Ad γ
−1
0 (cg(∞)cg(0)
∗) ◦ Ad(xg(0) ⊗ 1) ◦ (αg ⊗ µ
G
g ).
Hence, by replacing γs and cg(s) with γ
−1
0 ◦ γs and γ
−1
0 (cg(s)cg(0)
∗)(xg(0) ⊗ 1), we may
assume γ0 = id and cg(0) = xg(0) ⊗ 1. Since γ ∈ Aut(C([0,∞], A ⊗ O∞)) is (still)
asymptotically inner, there exists a continuous map w from [0,∞]× [0,∞) to U(A⊗O∞)
such that γ = limtAdw(·, t). We may assume w(0, t) = 1 for all t ∈ [0,∞). For (s, t) ∈
[0,∞] × [0,∞), we consider
yg(s, t) = cg(s)
∗w(s, t)x˜g(s, t)(αg ⊗ µ
G
g )(w(s, t)
∗).
It is not so hard to see
lim
t→∞
max
s∈[0,∞]
‖[yg(s, t), a]‖ = 0 ∀g ∈ G, a ∈ A⊗O∞
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and yg(0, t) = 1. In order to show
lim
t→∞
max
s∈[0,∞]
‖yg(s, t)(αg ⊗ µ
G
g )(yh(s, t))− ygh(s, t)‖ = 0 ∀g, h ∈ G,
we regard yg as a map from [0,∞) to U(C([0,∞], A ⊗O∞)) and write
yg(t) = c
∗
gw(t)x˜g(t)α˜g(w(t)
∗).
Then we get
yg(t)α˜g(yh(t)) = c
∗
gw(t)x˜g(t)α˜g(w(t)
∗)α˜g(c
∗
hw(t)x˜h(t)α˜h(w(t)
∗))
≈ c∗gw(t)x˜g(t)α˜g(γ
−1(c∗h))α˜g(x˜h(t)α˜h(w(t)
∗))
≈ c∗gw(t)β˜g(γ
−1(c∗h))x˜g(t)α˜g(x˜h(t)α˜h(w(t)
∗))
≈ c∗gγ(β˜g(γ
−1(c∗h)))w(t)v˜(g, h)x˜gh(t)u˜(g, h)
∗α˜g(α˜h(w(t)
∗))
≈ c∗gcgα˜g(c
∗
h)c
∗
gγ(v˜(g, h))w(t)x˜gh(t)α˜gh(w(t)
∗)u˜(g, h)∗
≈ u˜(g, h)c∗ghw(t)x˜gh(t)α˜gh(w(t)
∗)u˜(g, h)∗
≈ ygh(t),
when t is sufficiently large, as desired. By Proposition 6.3, we can find a continuous map
z : [0,∞)→ U(A⊗O∞) such that
lim
t→∞
‖[z(t), a]‖ = 0 ∀a ∈ A⊗O∞
and
lim
t→∞
‖yg(∞, t)− z(t)(αg ⊗ µ
G
g )(z(t)
∗)‖ = 0 ∀g ∈ G.
Put w′(t) = z(t)∗w(∞, t). Then one has
lim
t→∞
w′(t)(xg(t)⊗ 1)(αg ⊗ µ
G
g )(w
′(t)∗)
= lim
t→∞
z(t)∗w(∞, t)(xg(t)⊗ 1)(αg ⊗ µ
G
g )(w(∞, t)
∗z(t))
= lim
t→∞
z(t)∗cg(∞)yg(∞, t)(αg ⊗ µ
G
g )(z(t))
= cg(∞)
and
lim
t→∞
Adw′(t)(a) = lim
t→∞
Adw(∞, t)(a) = γ∞(a) ∀a ∈ A⊗O∞,
which imply that Theorem 6.5 holds for G.
Next, assuming that Theorem 6.5 is known for any poly-Z groups with Hirsch length
less than l, we prove that Theorem 6.4 holds for a poly-Z group G whose Hirsch length
equals l. There exists a normal poly-Z subgroup N ⊂ G whose Hirsch length equals l− 1.
Take ξ ∈ G so that G is generated by N and ξ.
Let (α, u) : G y A and (β, v) : G y A be cocycle actions belonging to AC(O∞, µ
G).
Suppose that there exists a family (xg)g of continuous maps from [0,∞) to U(A) such
that
lim
t→∞
(Adxg(t) ◦ αg)(a) = βg(a) ∀g ∈ G, ∀a ∈ A,
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lim
t→∞
xg(t)αg(xh(t))u(g, h)xgh(t)
∗ = v(g, h) ∀g, h ∈ G.
By Theorem 6.5 for the poly-Z group N , we can find a continuous map w : [0,∞) →
U(A⊗O∞), γ ∈ Aut(A⊗O∞) and a family (cg)g∈N of unitaries in A⊗O∞ satisfying
lim
t→∞
Adw(t)(a) = γ(a) ∀a ∈ A⊗O∞,
lim
t→∞
w(t)(xg(t)⊗ 1)(αg ⊗ µ
G
g )(w(t))
∗ = cg ∀g ∈ N
and
cg(αg ⊗ µ
G
g )(ch)(u(g, h) ⊗ 1)c
∗
gh = γ(v(g, h) ⊗ 1) ∀g, h ∈ N.
Define cocycle actions (α˜, u˜), (β˜, v˜) of G on A⊗O∞ by
α˜g = αg ⊗ µ
G
g , u˜(g, h) = u(g, h) ⊗ 1
and
β˜g = γ ◦ (βg ⊗ µ
G
g ) ◦ γ
−1, v˜(g, h) = γ(v(g, h) ⊗ 1).
We let
x˜g(t) = w(t)(xg(t)⊗ 1)α˜g(w(t)
∗) ∀g ∈ G
and regard it as an element of (A⊗O∞)
♭. It is routine to verify
(Ad x˜g ◦ α˜g)(a) = β˜g(a) ∀g ∈ G, a ∈ A⊗O∞
and
x˜gα˜g(x˜h)u˜(g, h)x˜
∗
gh = v˜(g, h) ∀g, h ∈ G.
By construction, we have x˜g = cg and β˜g = Ad cg ◦ α˜g for g ∈ N .
Let Bα and Bβ be the twisted crossed products of A ⊗ O∞ by (α˜, u˜) and (β˜, v˜),
respectively. We denote the implementing unitary representations of G in Bα and Bβ by
(λαg )g and (λ
β
g )g, respectively. We can define a homomorphism π : Bβ → (Bα)
♭ by
π(a) = a ∀a ∈ A⊗O∞ and π(λ
β
g ) = x˜gλ
α
g ∀g ∈ G.
Let Cα ⊂ Bα be the subalgebra generated by A⊗O∞ and {λ
α
g | g ∈ N}. The C
∗-algebra
Cα is canonically isomorphic to the twisted crossed product of A⊗O∞ by the restriction
of (α˜, u˜) to N . In the same way, we define Cβ ⊂ Bβ. Then we have π(Cβ) = Cα because
x˜g = cg holds for g ∈ N . Furthermore, for any z ∈ Bβ, it is easy to see
(Ad x˜ξ ◦ Adλ
α
ξ ◦ π)(z) = (Adπ(λ
β
ξ ) ◦ π)(z) = (π ◦ Adλ
β
ξ )(z).
In particular, for any z ∈ Cα,
(Ad x˜ξ ◦ Adλ
α
ξ )(z) = (π ◦ Adλ
β
ξ ◦ π
−1)(z),
which means that Adλαξ and π ◦ Adλ
β
ξ ◦ π
−1 are asymptotically unitarily equivalent in
Aut(Cα) by x˜ξ : [0,∞)→ U(A⊗O∞). Then, in the same way as Theorem 4.2 we can show
that (α˜, u˜) and (β˜, v˜) are cocycle conjugate via an asymptotically inner automorphism.
Thanks to Theorem 4.11, we can conclude that (α, u) and (β, v) are cocycle conjugate via
an asymptotically inner automorphism. Thus, Theorem 6.4 is true for G.
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Corollary 6.6. Let G be a poly-Z group and let A be a unital separable C∗-algebra.
Suppose that (α, u) : G y A is a cocycle action in AC(O∞, µ
G) and that there exists a
family of unitaries (xg)g in A
♭ satisfying
αg(a) = Adxg(a), xgxhx
∗
gh = u(g, h) ∀a ∈ A, g, h ∈ G.
Then, (α, u) and id⊗µG : Gy A⊗O∞ are cocycle conjugate via an isomorphism asymp-
totically unitarily equivalent to the embedding a 7→ a⊗ 1.
In particular, for every unital Kirchberg algebra A, all asymptotically representable
outer cocycle actions of G on A are mutually KK-trivially cocycle conjugate.
Proof. By Lemma 5.3 (1), (α, u) is cocycle conjugate to (α ⊗ µG, u ⊗ 1) : G y A ⊗ O∞
via an isomorphism asymptotically unitarily equivalent to the embedding a 7→ a⊗ 1. One
has
((Ad xg ⊗ 1) ◦ (id⊗µ
G
g ))(a) = (αg ⊗ µ
G
g )(a) ∀a ∈ A⊗O∞, g ∈ G
and
(xg ⊗ 1)(id⊗µ
G
g )(xh ⊗ 1)(xgh ⊗ 1)
∗ = u(g, h) ⊗ 1 ∀g, h ∈ G.
It follows from Theorem 6.4 that (α⊗µG, u⊗ 1) and (id⊗µG, 1⊗ 1) are cocycle conjugate
via an asymptotically inner automorphism. This completes the proof.
7 Poly-Z groups of Hirsch length two
For every poly-Z group G, we choose and fix an outer action µG : Gy O∞.
Let A be a unital (not-necessarily separable) C∗-algebra. Suppose that the trivial
action {1}y A admits an approximately central embedding of {1}y O∞. The following
are well-known facts, which will be used repeatedly without mention.
(1) For any x ∈ K0(A), there exists a full and properly infinite projection p ∈ A with
K0(p) = x. If p, q are full and properly infinite projections with the same K0-class
in K0(A), then they are Murray-von Neumann equivalent.
(2) For any ideal J ⊂ A, the canonical map U(J)/U(J)0 → K1(J) is an isomorphism.
Moreover, for any u ∈ U(J)0, there exists a continuous map u˜ : [0, 1] → U(J)0 such
that u˜(0) = 1, u˜(1) = u and Lip(u˜) ≤ 2π.
In fact, (1) follows from [26, Proposition 4.1.4] (which was originally proved by J. Cuntz
[3]), because 1 is a full and properly infinite projection. (2) follows from the proof of [25,
Theorem 3.1].
Let A be a unital Kirchberg algebra. In [10, Corollary 2.8], it is shown that Ki(A♭) is
isomorphic to KKi(A,A) for i = 0, 1. In what follows, we identify these groups.
Lemma 7.1. For α ∈ Aut(A), the following hold.
(1) Under the identification of K0(A♭) with KK(A,A), K0(α|A♭) corresponds to the
homomorphism x 7→ KK(α) ◦ x ◦KK(α)−1.
(2) Under the identification of K1(A♭) with KK(SA,A), K1(α|A♭) corresponds to the
homomorphism x 7→ KK(α) ◦ x ◦KK(Sα)−1.
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(3) If α is asymptotically inner and u ∈ U(A♭) satisfies α = Adu on A, thenKi(Adu|A♭) =
Ki(α|A♭) for i = 0, 1.
Proof. (1) and (2) are obvious. See [10]. To show (3), take a projection p ∈ A♭. There
exists a unitary v ∈ A♭ such that α(a) = vav∗ holds for every a ∈ A ∪ {p}. Because uv∗
is in A♭, we get
K0(upu
∗) = K0(uv
∗vpv∗vu∗) = K0(vpv
∗) = K0(α(p)),
and soK0(Adu|A♭) = K0(α|A♭). In the same way we obtainK1(Adu|A♭) = K1(α|A♭).
Let p ∈ A and q ∈ A♭ be projections and let q˜ : [0,∞) → A be a lift of q. When
t is large enough, pq˜(t) is close to a projection and its K0-class does not depend on t.
This correspondence gives rise to a homomorphism K0(A♭) → K0(A), which we denote
by p∗. In the same fashion, we get the homomorphism p∗ : K1(A♭)→ K1(A). By a slight
abuse of notation, we will use p∗ to denote induced homomorphisms H
n(G,Ki(A♭)) →
Hn(G,Ki(A)).
7.1 Uniqueness
In this subsection, we determine when outer (cocycle) actions of poly-Z groups of Hirsch
length two are mutually KK-trivially cocycle conjugate (Theorem 7.11).
Lemma 7.2. Let α : Z y A be an action in AC(O∞, µ
Z) and let J ⊂ A be a globally
α-invariant ideal. Let u ∈ U(J) be a unitary satisfying K1(u) = 0 in K1(J). For any
ε > 0, there exists v ∈ U(J)0 such that ‖u−vα(v
∗)‖ < ε, where the Z-action α is identified
with a single automorphism.
Proof. Let w ∈ U(J) be a unitary satisfying K1(w) = 0 in K1(J). By the fact mentioned
above, there exists a continuous map w˜ : [0, 1] → U(J)0 such that w˜(0) = 1, w˜(1) = w
and Lip(w˜) ≤ 2π. Then, by using this, one can prove the statement in the same way as
[23, Lemma 8].
Lemma 7.3. Let G be a poly-Z group of Hirsch length two and let (α, u) : G y A be
a cocycle action belonging to AC(O∞, µ
G). Suppose that J ⊂ A is a globally α-invariant
ideal. If u(g, h) belongs to U(J)0 for all g, h ∈ G, then there exists a family of unitaries
(vg)g∈G in U(J)0 such that u(g, h) = αg(v
∗
h)v
∗
gvgh for all g, h ∈ G.
Proof. There exists a normal subgroup N ⊂ G isomorphic to Z and ξ ∈ G such that G is
generated by N and ξ. Because N is isomorphic to Z, by a cocycle perturbation, we may
assume that u(g, h) = 1 for all g, h ∈ N . It follows from Lemma 5.4 that the unitaries
uˇg = u(ξ, ξ
−1gξ)u(g, ξ)∗ ∈ U(J)0
form an α|N -cocycle satisfying
αξ ◦ αξ−1gξ ◦ α
−1
ξ = Ad uˇg ◦ αg ∀g ∈ N.
Then, the lemma above tells us that the α|N -cocycle (uˇg)g can be approximated by
coboundaries. Therefore, by a suitable perturbation, we may further assume that u(g, h)
is close to 1 on a finite generating subset of G. Then, by the H2-stability of G (Theorem
5.14), we can conclude that (u(g, h))g,h∈G is a coboundary.
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Lemma 7.4. Let G be a poly-Z group of Hirsch length two and let α : Gy A be an action
belonging to AC(O∞, µ
G). Suppose that J ⊂ A is a globally α-invariant ideal. For any 1-
cocycle ρ : G→ K1(J), there exists an α-cocycle (ug)g∈G in U(J) such that K1(ug) = ρ(g)
for all g ∈ G.
Proof. Choose unitaries wg ∈ U(J) so that K1(wg) = ρ(g) for all g ∈ G. Consider the
cocycle action (αw, 1w) : G y A. As 1w(g, h) = wgαg(wh)w
∗
gh is in U(J)0, Lemma 7.3
applies and yields (vg)g∈G in U(J)0 such that 1
w(g, h) = αwg (v
∗
h)v
∗
gvgh for all g, h ∈ G.
Hence (vgwg)g is an α-cocycle satisfying K1(vgwg) = ρ(g).
We introduce the invariant κ2(α, u) for an α-cocycle (ug)g as follows. Let α : G y A
be an action of a discrete group G on a unital C∗-algebra A. Let (ug)g∈G be an α-cocycle
with ug ∈ U(A)0. We choose a continuous path u˜g : [0, 1]→ U(A) from 1 to ug. By abuse
of notation, id⊗αg ∈ Aut(C([0, 1]) ⊗A) is simply denoted by αg. Then
ρ(g, h) = K1(u˜gαg(u˜h)u˜
∗
gh) ∈ K1(SA) = K0(A),
and they form a 2-cocycle, thanks to the next lemma. We denote by κ2(α, u) its cohomol-
ogy class in H2(G,K0(A)),
Lemma 7.5. In the setting above, ρ is a 2-cocycle, and its cohomology class does not
depend on the choice of the continuous paths (u˜g)g∈G.
Proof. For continuous maps v,w : [0, 1]→ U(A)0, it is easy to verify the following.
• If v(0) = 1 and w(1) = 1, then the two paths vw and wv are homotopic within the
paths from w(0) to v(1).
• If v(0) = 1 and v(1) = w(1)∗, then the two paths vw and wv are homotopic within
the paths from w(0) to 1.
First, we show that ρ satisfies the 2-cocycle relation. For g, h, k ∈ G, we have
g · ρ(h, k) − ρ(gh, k) + ρ(g, hk) − ρ(g, h)
= K1(αg(u˜
∗
hku˜hαh(u˜k)))−K1(u˜
∗
ghku˜ghαgh(u˜k)) + ρ(g, hk) − ρ(g, h)
= K1(αg(u˜
∗
hku˜h)u˜
∗
ghu˜ghk) +K1(u˜gαg(u˜hk)u˜
∗
ghk)− ρ(g, h)
= K1(αg(u˜h)u˜
∗
ghu˜ghkαg(u˜
∗
hk)) +K1(αg(u˜hk)u˜
∗
ghku˜g)− ρ(g, h)
= K1(αg(u˜h)u˜
∗
ghu˜g)− ρ(g, h) = 0,
and so ρ is a 2-cocycle.
When (uˆg)g is another family of paths from 1 to ug in U(A)0, one has
K1(u˜gαg(u˜h)u˜
∗
gh)−K1(uˆgαg(uˆh)uˆ
∗
gh)
= K1(u˜gαg(u˜h)u˜
∗
ghuˆghαg(uˆ
∗
h)uˆ
∗
g)
= K1(αg(u˜h)u˜
∗
ghuˆghαg(uˆ
∗
h)) +K1(uˆ
∗
gu˜g)
= K1(u˜
∗
ghuˆgh) +K1(αg(uˆ
∗
hu˜h)) +K1(uˆ
∗
gu˜g)
= g ·K1(uˆ
∗
hu˜h)−K1(uˆ
∗
ghu˜gh) +K1(uˆ
∗
gu˜g),
which is a coboundary.
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The following lemma can be shown easily.
Lemma 7.6. In the setting above, for any αu-cocycle (vg)g in U(A)0, we have κ
2(α, vu) =
κ2(α, u) + κ2(αu, v).
Remark 7.7. When G = Z2 and its action on K0(A) is trivial, the cohomology class
κ2(α, u) is determined by
ρ((1, 0), (0, 1)) − ρ((0, 1), (1, 0)) = K1
(
u˜(1,0)α(1,0)(u˜(0,1))α(0,1)(u˜
∗
(1,0))u˜
∗
(0,1)
)
,
which is the κ-invariant discussed in [13].
Lemma 7.8. Let G be a poly-Z group of Hirsch length two and let A be a unital C∗-
algebra. Let α : G y A be an action in AC(O∞, µ
G). If (ug)g∈G is an α-cocycle with
ug ∈ U(A)0 and κ
2(α, u) = 0, then (ug)g∈G can be approximated by coboundaries. Thus,
there exists a sequence of unitaries (vn)n in U(A)0 such that
lim
n→∞
vnαg(v
∗
n) = ug ∀g ∈ G.
Proof. Since κ2(α, u) = 0, we can choose continuous paths u˜g : [0, 1] → U(A) from 1 to
ug so that
K1(u˜gαg(u˜h)u˜
∗
gh) = 0 ∀g, h ∈ G.
Consider
α˜g = (Ad u˜g) ◦ αg ∈ Aut(C([0, 1]) ⊗A)
and
w(g, h) = u˜gαg(u˜h)u˜
∗
gh ∈ U(C0((0, 1)) ⊗A).
Then, (α˜, w) is a cocycle action on C([0, 1]) ⊗ A and K1(w(g, h)) = 0, i.e. w(g, h) ∈
U(C0((0, 1)) ⊗ A)0 for all g, h ∈ G. It follows from Lemma 7.3 that (w(g, h))g,h is a
coboundary. Hence, we may assume w(g, h) = 1 for every g, h ∈ G. Thus, (u˜g)g is an
id⊗α-cocycle such that u˜g(0) = 1. We get the conclusion from Lemma 5.6.
Let (α, u) be a cocycle action of a countable discrete group G on a unital Kirchberg
algebra A. Let β be an action of G on A. Assume KK(αg) = KK(βg). We choose a
family (vg)g∈G of unitaries in A
♭ satisfying (Ad vg ◦αg)(a) = βg(a) for every a ∈ A. Define
a cocycle action (σ,w) : Gy A♭ by σg = Ad vg ◦ αg and w(g, h) = vgαg(vh)u(g, h)v
∗
gh.
Lemma 7.9. In the setting above, assume further that G is a poly-Z group and that (α, u)
and β are outer. The following are equivalent.
(1) (α, u) and β are KK-trivially cocycle conjugate.
(2) The 2-cocycle (w(g, h))g,h∈G in A♭ is a coboundary.
Proof. (1)⇒(2) is obvious. Indeed, this is true without the assumption about G, (α, u)
and β.
Let us show the converse. Since (w(g, h))g,h∈G is a coboundary, by replacing the
unitaries (vg)g, we may assume w(g, h) = 1 for all g, h ∈ G. Thus, the hypothesis of
Theorem 6.4 is satisfied. Hence (α, u) and β are KK-trivially cocycle conjugate.
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Definition 7.10. Let (α, u) : G y A, β : G y A and (σ,w) : G y A♭ be as above. We
denote by
o
2((α, u), β) ∈ H2(G,K1(A♭)) = H
2(G,KK1(A,A))
the cohomology class of the 2-cocycle (g, h) 7→ K1(w(g, h)). Then o
2((α, u), β) does not
depend on the choice of the unitaries (vg)g. When α is a genuine action, we write o
2(α, β) =
o
2((α, 1), β).
It is easy to see that o2((αx, ux), β) = o2((α, u), β) holds for any family (xg)g of uni-
taries in A. Moreover, when a projection p ∈ A satisfies βg(p) = p for every g ∈ G, it is
straightforward to see that o2((α, u)p, βp) equals o2((α, u), β) under the identification of
KK1(pAp, pAp) with KK1(A,A). When (vg(t))t∈[0,∞) in U(C
b([0,∞), A)) are lifts of vg,
the unitary w(g, h) ∈ A♭ is represented by
w(g, h)(t) = vg(t)αg(vh(t))u(g, h)vgh(t)
∗,
whose K1-class in K1(A) equals
K1(u(g, h)) +K1(vg(t)) +K1(αg(vh(t))) −K1(vgh(t)).
This means that the homomorphism 1∗ : H
2(G,K1(A♭))→ H
2(G,K1(A)) sends o
2((α, u), β)
to the cohomology class of (g, h) 7→ K1(u(g, h)). We also remark that K1(A♭) is isomor-
phic to KK1(A,A) ([10, Corollary 2.8]), and Ki(αg|A♭) = Ki(βg|A♭) = Ki(σg) for i = 0, 1
and g ∈ G by Lemma 7.1. For genuine actions, the chain rule
o
2(α, β) + o2(β, γ) = o2(α, γ)
holds.
Theorem 7.11. Let A be a unital Kirchberg algebra and let G be a poly-Z group of Hirsch
length two. Let (α, u) : G y A be an outer cocycle action and let β : G y A be an outer
action. The following are equivalent.
(1) (α, u) and β are KK-trivially cocycle conjugate.
(2) KK(αg) = KK(βg) for all g ∈ G and o
2((α, u), β) = 0.
Proof. (1)⇒(2) is obvious from Lemma 7.9.
Let us show the converse. Define the cocycle action (σ,w) : G y A♭ as above. By
o
2((α, u), β) = 0, we may assume K1(w(g, h)) = 0 in K1(A♭) for every g, h ∈ G. It follows
from Lemma 7.3 and Lemma 7.9 that (α, u) and β are KK-trivially cocycle conjugate.
7.2 The relationship between H∗(N,M) and H∗(N ⋊ Z,M)
In this subsection, we collect several statements which will be used in Section 7.3 and
Section 8. Throughout this subsection, we let G be a countable group and let N ⊂ G be
a normal subgroup such that G/N ∼= Z. Take ξ ∈ G so that G is generated by N and ξ.
First, let us recall a few basic facts about group cohomology of semidirect products
by Z. Let M be a left G-module. For each n ∈ N, the Lyndon-Hochschild-Serre spectral
sequence (see [19, Chapter XI.10] for instance) gives the short exact sequence
0 −−−−→ H1(Z,Hn−1(N,M))
j
−−−−→ Hn(G,M)
q
−−−−→ Hn(N,M)Z −−−−→ 0, (7.1)
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where q is the restriction map. Let ω : Nn →M be an n-cocycle, that is,
g0ω(g1, . . . , gn) +
n∑
i=1
(−1)iω(g0, . . . , gi−1gi, . . . , gn) + (−1)
n+1ω(g0, . . . , gn−1) = 0
holds for any (g0, g1, . . . , gn) ∈ G
n+1. For l ∈ Z, define an n-cocycle ξlω : Nn →M by
(ξlω)(g1, g2, . . . , gn) = ξ
lω(ξ−lg1ξ
l, ξ−lg2ξ
l, . . . , ξ−lgnξ
l).
Then, in (7.1), the Z-action on Hn(N,M) is given by ξl[ω] = [ξlω].
We would like to write the homomorphism j : H1(Z,Hn−1(N,M)) → Hn(G,M)
explicitly. Let j¯ : Hn−1(N,M) → Hn(G,M) be the composition of Hn−1(N,M) →
H1(Z,Hn−1(N,M)) and j. Suppose that an (n−1)-cocycle ρ : Nn−1 → M is given. We
let (ρl)l∈Z be the family of (n−1)-cocycles satisfying ρ0 = 0, ρ1 = ρ and
ρl+m = ρl + ξ
lρm ∀l,m ∈ Z.
Define ω : Gn →M by
ω(g1ξ
l1 , g2ξ
l2 , . . . , gnξ
ln)
= (−1)ng1ρl1(ξ
l1g2ξ
−l1 , ξl1+l2g3ξ
−l1−l2 , . . . , ξl1+l2+···+ln−1gnξ
−l1−l2−···−ln−1). (7.2)
Then one can verify the following easily.
Lemma 7.12. The map ω is an n-cocycle and j¯([ρ]) equals [ω].
Now we turn to group actions on C∗-algebras. Let G, N and ξ be as above.
Lemma 7.13. Suppose that N is a poly-Z group. Let α : G y A be an action in
AC(O∞, µ
G). Let (ug)g∈N be an α|N -cocycle in U(SA) and let c ∈ H
1(N,K0(A)) be
the cohomology class of g 7→ K1(ug). Then there exists an α-cocycle (vg)g∈G in U(A)0
such that j¯(c) = κ2(α, v), where j¯ : H1(N,K0(A))→ H
2(G,K0(A)) is the homomorphism
introduced above.
Proof. Define a 2-cocycle ω : G2 → K1(SA) = K0(A) by
ω(g, hξm) = 0 and ω(gξ, hξm) = g ·K1(uξhξ−1) ∀g, h ∈ N, m ∈ Z.
By Lemma 7.12, j¯(c) equals [ω].
By Lemma 5.6, there exists a sequence (xk)k∈N of unitaries in U(C0((0, 1]) ⊗ A) such
that
lim
k→∞
xkαg(x
∗
k) = ug ∀g ∈ N.
In particular, one has xk(1)αg(xk(1)
∗) → 1 as k → ∞ for any g ∈ N . For each k ∈ N,
we can construct a family of unitaries (yk,l)l∈Z in U(C0((0, 1]) ⊗ A) satisfying yk,0 = 1,
yk,1 = xk and yk,lαξl(yk,m) = yk,l+m for every l,m ∈ Z. For k ∈ N, g ∈ N and l ∈ Z, we
let zk,gξl = αg(yk,l) ∈ U(C0((0, 1]) ⊗A). Then, for any gξ
l, hξm ∈ G, we get
zk,gξlαgξl(zk,hξm)z
∗
k,gξlhξm = αg(yk,l)αgξl (αh(yk,m))αgξlhξ−l(y
∗
k,l+m)
= αg
(
yk,lαξlhξ−l(αξl(yk,m))
)
αgξlhξ−l(y
∗
k,l+m)
= αg
(
yk,lαξlhξ−l(y
∗
k,l)
)
,
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and hence
lim
k→∞
zk,gξl(1)αgξl(zk,hξm(1))zk,gξlhξm(1)
∗ = lim
k→∞
αg
(
yk,l(1)αξlhξ−l(yk,l(1)
∗)
)
= 1.
Since G is H2-stable by Theorem 5.14, there exists a sequence of α-cocycles (vk,g)g in
U(A)0 such that
lim
k→∞
‖vk,g − zk,g(1)‖ = 0 ∀g ∈ G.
In order to compute κ2(α, vk), we choose a path of unitaries v˜k,g so that v˜k,g(0) = 1,
v˜k,g(1) = vk,g and
lim
k→∞
sup
t∈[0,1]
‖v˜k,g(t)− zk,g(t)‖ = 0.
For gξl, hξm ∈ G, when k is sufficiently large,
v˜k,gξlαgξl(v˜k,hξm)v˜
∗
k,gξlhξm ≈ zk,gξlαgξl(zk,hξm)z
∗
k,gξlhξm = αg
(
yk,lαξlhξ−l(y
∗
k,l)
)
.
When l = 0, yk,lαξlhξ−l(y
∗
k,l) equals 1. Moreover, when l = 1,
v˜k,gξαgξ(v˜k,hξm)v˜
∗
k,gξhξm ≈ αg(yk,1αξhξ−1(y
∗
k,1)) ≈ αg(uξhξ−1).
Therefore, κ2(α, vk) equals j¯(c) for sufficiently large k.
Lemma 7.14. Suppose that N is Z (i.e. G is a poly-Z group of Hirsch length two). Let
α : Gy A be an action in AC(O∞, µ
G). Then for any c ∈ H2(G,K0(A)), there exists an
α-cocycle (vg)g∈G in U(A)0 such that κ
2(α, v) = c.
Proof. By (7.1), j : H1(Z,H1(N,K0(A))) → H
2(G,K0(A)) is an isomorphism. Hence
there exists a 1-cocycle ρ : N → K0(A) = K1(SA) such that j¯([ρ]) = c. Since N is Z, we
can find an α|N -cocycle (ug)g∈N in U(SA) such that K1(ug) = ρ(g). By the lemma above,
there exists an α-cocycle (vg)g∈G in A such that κ
2(α, v) = j¯([ρ]) = c, which completes
the proof.
Lemma 7.15. Suppose that N is a poly-Z group. Let α : Gy A be an outer action of G
on a unital Kirchberg algebra A. Let (ug)g∈N be an α|N -cocycle in A♭. Then there exist
a cocycle action (β, v) : G y A ⊗ O∞ and a family (xg)g∈G of unitaries in (A ⊗ O∞)
♭
satisfying the following.
(1) βg = αg ⊗ µ
G
g , v(g, h) = 1, v(gξ
l, ξm) = 1, xg = 1 for all g, h ∈ N and l,m ∈ Z.
(2) (αg ⊗ µ
G
g )(a) = (Ad xg ◦ βg)(a) holds for all g ∈ G and a ∈ A.
(3) When we put w(g, h) = xgβg(xh)v(g, h)x
∗
gh for g, h ∈ G,
w(g, h) = 1, w(gξl, ξm) = 1 and w(ξ, g) = uξgξ−1 ⊗ 1
hold for any g, h ∈ N and l,m ∈ Z.
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Proof. We may assume that µN equals the restriction of µG to N . By applying Theorem
6.5 to the α|N -cocycle (ug)g, we can find y ∈ U((A ⊗ O∞)
♭), γ ∈ Aut(A ⊗ O∞) and an
α|N -cocycle (cg)g in A⊗O∞ such that
Ad y(a) = γ(a) ∀a ∈ A⊗O∞, y(ug ⊗ 1)(αg ⊗ µ
G
g )(y
∗) = cg ∀g ∈ N.
In particular, one has γ ◦ (αg ⊗ µ
G
g ) ◦ γ
−1 = Ad cg ◦ (αg ⊗ µ
G
g ) on A for g ∈ N . Let us
write α′ = α⊗ µG for simplicity. Then we get
(γ ◦ α′ξ) ◦ α
′
ξ−1gξ ◦ (γ ◦ α
′
ξ)
−1 = γ ◦ α′g ◦ γ
−1 = Ad cg ◦ α
′
g,
and so there exists a cocycle action (β, v) : Gy A⊗O∞ such that
βgξl = α
′
g ◦ (γ ◦ α
′
ξ)
l ∀g ∈ N, l ∈ Z
and
v(g, h) = 1, v(gξl, ξm) = 1, v(ξ, g) = cξgξ−1 ∀g, h ∈ N, l,m ∈ Z.
Let (yl)l∈Z be the unitaries in (A⊗O∞)
♭ satisfying y0 = 1, y1 = y
∗ and ylβξl(ym) = yl+m.
For g ∈ N and l ∈ Z, we put xgξl = βg(yl). Then α
′
g = Adxg ◦ βg on A for any g ∈ G.
For g, h ∈ G, we set w(g, h) = xgβg(xh)v(g, h)x
∗
gh. For g, h ∈ N and l,m ∈ Z, it is
straightforward to see
w(g, h) = 1, w(gξl, ξm) = 1
and
w(ξ, g) = xξβξ(xg)v(ξ, g)x
∗
ξg = y
∗cξgξ−1βξgξ−1(y) = y
∗cξgξ−1α
′
ξgξ−1(y) = uξgξ−1 ⊗ 1.
7.3 Existence
In this subsection, we discuss existence of outer (cocycle) actions of poly-Z groups of
Hirsch length two with prescribed K-theoretic data. For unital C∗-algebras A,B, we let
KK(A,B)−1∗ denote the set of invertible elements x ∈ KK(A,B) such thatK0(x)(K0(1A)) =
K0(1B).
Theorem 7.16. Let G be a poly-Z group of Hirsch length two. Let A be a unital Kirchberg
algebra.
(1) For any homomorphism ϕ : G → KK(A,A)−1∗ , there exists an outer cocycle action
(α, u) : Gy A such that KK(αg) = ϕ(g) for all g ∈ G.
(2) Let α be an action of G on A. For any c ∈ H2(G,KK1(A,A)), there exists an
outer cocycle action (β, v) : Gy A such that KK(αg) = KK(βg) for all g ∈ G and
o
2((β, v), α) = c. Moreover, (β, v) can be chosen to be a genuine action if and only
if 1∗(c) = 0 in H
2(G,K1(A)).
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Proof. There exists a normal subgroup N ⊂ G isomorphic to Z and ξ ∈ G such that G is
generated by N and ξ.
(1) Since N is isomorphic to Z, there exists an outer action α : N y A such that
KK(αg) = ϕ(g) for all g ∈ N . Choose γ ∈ Aut(A) so that KK(γ) = ϕ(ξ). Then
KK(αg) = ϕ(g) = KK(γ) ◦ ϕ(ξ
−1gξ) ◦KK(γ−1) = KK(γ ◦ αξ−1gξ ◦ γ
−1)
holds for g ∈ N . It follows from [23, Theorem 5] that g 7→ αg and g 7→ γ ◦ αξ−1gξ ◦ γ
−1
are KK-trivially cocycle conjugate. Thus, there exist an α-cocycle (ug)g∈N in A and
γ˜ ∈ Aut(A) such that KK(γ˜) = 1A and
Adug ◦ αg = γ˜ ◦ γ ◦ αξ−1gξ ◦ γ
−1 ◦ γ˜−1 ∀g ∈ N.
Hence there exists a cocycle action (β, v) : G y A such that βg = αg for g ∈ N and
βξ = γ˜ ◦ γ. Clearly KK(βg) = ϕ(g) holds for all g ∈ G. We can make (β, v) outer by
tensoring the outer action µG : Gy O∞.
(2) Suppose that we are given c ∈ H2(G,KK1(A,A)) = H2(G,K1(A♭)). By (7.1),
there exists a 1-cocycle ρ : N → K1(A♭) satisfying j¯([ρ]) = c. Since N ∼= Z, there exists
an α|N -cocycle (ug)g in A♭ such that K1(ug) = ρ(g) for g ∈ N . By Lemma 7.15, there
exist a cocycle action (β, v) : Gy A⊗O∞ and a family (xg)g∈G of unitaries in (A⊗O∞)
♭
satisfying the following.
• βg = αg ⊗ µ
G
g , v(g, h) = 1, v(gξ
l, ξm) = 1, xg = 1 for all g, h ∈ N and l,m ∈ Z.
• (αg ⊗ µ
G
g )(a) = (Ad xg ◦ βg)(a) holds for all g ∈ G and a ∈ A.
• When we put w(g, h) = xgβg(xh)v(g, h)x
∗
gh for g, h ∈ G,
w(g, h) = 1, w(gξl, ξm) = 1 and w(ξ, g) = uξgξ−1 ⊗ 1
hold for any g, h ∈ N and l,m ∈ Z.
Define ω : G2 → K1(A♭) by (7.2). It is easy to see
ω(g, h) = 0, ω(gξl, ξm) = 0 and ω(ξ, g) = ρ(ξgξ−1)
hold for any g, h ∈ N and l,m ∈ Z. Therefore, o2((β, v), α ⊗ µG) = [ω]. Hence, from
Lemma 7.12, we can conclude o2((β, v), α ⊗ µG) = j¯([ρ]) = c. We can make (β, v) outer
by tensoring the outer action µG : Gy O∞.
As mentioned before, 1∗(c) = 1∗(o
2((β, v), α ⊗ µG)) equals the cohomology class of
(g, h) 7→ v(g, h). By Lemma 7.3, we can conclude that 1∗(c) = 0 if and only if (β, v) is
KK-trivially cocycle conjugate to a genuine action.
Remark 7.17. In Theorem 7.16 (1), if K1(A) is trivial or A is in the Cuntz standard
form, then (α, u) can be chosen to be a genuine action (see Lemma 7.3 and Theorem 4.17).
In general, however, we do not know if a given homomorphism ϕ : G → KK(A,A)−1∗ is
realized by a genuine action or not.
The following two corollaries are immediate consequences of Theorem 7.11 and Theo-
rem 7.16.
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Corollary 7.18. Let G be a poly-Z group of Hirsch length two. Let A be a unital Kirchberg
algebra and let ϕ : G → KK(A,A)−1∗ be a homomorphism. There exists a bijective
correspondence between the set of KK-trivially cocycle conjugacy classes of outer cocycle
actions (α, u) : Gy A satisfying KK(αg) = ϕ(g) for all g ∈ G and the cohomology group
H2(G,KK1(A,A)).
Corollary 7.19. Let G be a poly-Z group of Hirsch length two. Let α : G y A be an
outer action of G on a unital Kirchberg algebra A. There exists a bijective correspondence
between the following two sets.
(1) The set of KK-trivial cocycle conjugacy classes of outer actions β : Gy A satisfying
KK(αg) = KK(βg) for all g ∈ G.
(2) The set of cohomology classes c ∈ H2(G,KK1(A,A)) satisfying 1∗(c) = 0.
Example 7.20. Let A = On be the Cuntz algebra. We have KK(A,A)
−1
∗ = {1}.
(1) Let G = 〈ξ, ζ | ξζ = ζξ〉 ∼= Z2. Then H2(G,KK1(A,A)) ∼= KK1(A,A) ∼= Zn−1,
where KK1(A,A) is regarded as a trivial module. Hence, there exist n−1 cocycle
conjugacy classes of outer G-actions on A. This agrees with [9, Example 8.7].
(2) Let G = 〈ξ, ζ | ξζ = ζ−1ξ〉 be the Klein bottle group. Then H2(G,KK1(A,A)) ∼=
KK1(A,A) ⊗ Z2 ∼= Zn−1 ⊗ Z2, where KK
1(A,A) is regarded as a trivial module.
Hence,
#{cocycle conjugacy classes of outer actions Gy A} =
{
1 n is even
2 n is odd.
8 Poly-Z groups of Hirsch length three
For every poly-Z group G, we choose and fix an outer action µG : Gy O∞.
8.1 Uniqueness
In this subsection, we determine when outer (cocycle) actions of poly-Z groups of Hirsch
length three are mutually KK-trivially cocycle conjugate (Theorem 8.10).
Let (α, u) : G y A be a cocycle action of a discrete group G on a unital C∗-algebra
such that u(g, h) ∈ U(A)0 for all g, h ∈ G. We introduce the invariant κ
3(α, u) as follows.
Choose a continuous path u˜(g, h) : [0, 1] → U(A)0 such that u˜(g, h) = 1 and u˜(g, h) =
u(g, h). Then
ω(g, h, k) = K1(αg(u˜(h, k))u˜(g, hk)u˜(gh, k)
∗u˜(g, h)∗) ∈ K1(SA) = K0(A),
and they form a 3-cocycle, thanks to the next lemma. We denote by κ3(α, u) its cohomol-
ogy class in H3(G,K0(A)).
Lemma 8.1. In the setting above, ω is a 3-cocycle, and its cohomology class does not
depend on the choice of the continuous paths (u˜(g, h))g,h.
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Proof. We compute in a similar fashion to the proof of Lemma 7.5. For g, h, k, l ∈ G,
g · ω(h, k, l) − ω(gh, k, l) + ω(g, hk, l) − ω(g, h, kl) + ω(g, h, k)
= K1 (αg(αh(u˜(k, l))u˜(h, kl)u˜(hk, l)
∗u˜(h, k)∗))
− ω(gh, k, l) + ω(g, hk, l) − ω(g, h, kl) + ω(g, h, k)
= K1 (αgh(u˜(k, l))u(g, h)
∗αg(u˜(h, kl))αg(u˜(hk, l)
∗)αg(u˜(h, k)
∗)u(g, h))
−K1 (αgh(u˜(k, l))u˜(gh, kl)u˜(ghk, l)
∗u˜(gh, k)∗) + ω(g, hk, l) − ω(g, h, kl) + ω(g, h, k)
= K1 (u˜(gh, k)u˜(ghk, l)u˜(gh, kl)
∗u(g, h)∗αg(u˜(h, kl))αg(u˜(hk, l)
∗)αg(u˜(h, k)
∗)u(g, h))
+ ω(g, hk, l) − ω(g, h, kl) + ω(g, h, k)
= K1 (αg(u˜(h, k)
∗)u(g, h)u˜(gh, k)u˜(ghk, l)u˜(gh, kl)∗u(g, h)∗αg(u˜(h, kl))αg(u˜(hk, l)
∗))
+K1 (αg(u˜(hk, l))u˜(g, hkl)u˜(ghk, l)
∗u˜(g, hk)∗)− ω(g, h, kl) + ω(g, h, k)
= K1 (αg(u˜(h, k)
∗)u(g, h)u˜(gh, k)u˜(ghk, l)u˜(gh, kl)∗u(g, h)∗αg(u˜(h, kl))
×u˜(g, hkl)u˜(ghk, l)∗u˜(g, hk)∗)− ω(g, h, kl) + ω(g, h, k)
= K1 (αg(u˜(h, kl))u˜(g, hkl)u˜(ghk, l)
∗u˜(g, hk)∗
×αg(u˜(h, k)
∗)u(g, h)u˜(gh, k)u˜(ghk, l)u˜(gh, kl)∗u(g, h)∗)
−K1 (αg(u˜(h, kl))u˜(g, hkl)u˜(gh, kl)
∗u˜(g, h)∗) + ω(g, h, k)
= K1 (u˜(g, h)u˜(gh, kl)u˜(ghk, l)
∗u˜(g, hk)∗
×αg(u˜(h, k)
∗)u(g, h)u˜(gh, k)u˜(ghk, l)u˜(gh, kl)∗u(g, h)∗) + ω(g, h, k)
= K1 (u˜(gh, kl)u˜(ghk, l)
∗u˜(g, hk)∗
×αg(u˜(h, k)
∗)u(g, h)u˜(gh, k)u˜(ghk, l)u˜(gh, kl)∗(u(g, h)∗u˜(g, h))) + ω(g, h, k)
= K1 (u˜(gh, kl)u˜(ghk, l)
∗u˜(g, hk)∗
×αg(u˜(h, k)
∗)u(g, h)(u(g, h)∗ u˜(g, h))u˜(gh, k)u˜(ghk, l)u˜(gh, kl)∗) + ω(g, h, k)
= K1 (u˜(g, hk)
∗αg(u˜(h, k)
∗)u˜(g, h)u˜(gh, k)) + ω(g, h, k)
= 0,
and so ω is a 3-cocycle.
When (uˆ(g, h))g,h is another family of paths from 1 to u(g, h) in U(A)0, one has
K1(αg(u˜(h, k))u˜(g, hk)u˜(gh, k)
∗u˜(g, h)∗)−K1(αg(uˆ(h, k))uˆ(g, hk)uˆ(gh, k)
∗uˆ(g, h)∗)
= K1(αg(u˜(h, k))u˜(g, hk)u˜(gh, k)
∗(u˜(g, h)∗uˆ(g, h))uˆ(gh, k)uˆ(g, hk)∗αg(uˆ(h, k)
∗))
= K1(αg(u˜(h, k))u˜(g, hk)(u˜(gh, k)
∗uˆ(gh, k))uˆ(g, hk)∗αg(uˆ(h, k)
∗)) +K1(u˜(g, h)
∗uˆ(g, h))
= K1(αg(u˜(h, k))(u˜(g, hk)uˆ(g, hk)
∗)αg(uˆ(h, k)
∗))
+K1(u˜(gh, k)
∗uˆ(gh, k)) +K1(u˜(g, h)
∗uˆ(g, h))
= g ·K1(u˜(h, k)uˆ(h, k)
∗)−K1(u˜(gh, k)uˆ(gh, k)
∗)
+K1(u˜(g, hk)uˆ(g, hk)
∗)−K1(u˜(g, h)uˆ(g, h)
∗),
which is a coboundary.
It is easy to show the following.
Lemma 8.2. In the setting above, when (xg)g is a family of unitaries in U(A)0, one has
κ3(αx, ux) = κ3(α, u).
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The following lemma enables us to relate κ3 to κ2.
Lemma 8.3. Let (α, u) : G y A be a cocycle action of a discrete group G on a unital
C∗-algebra such that u(g, h) ∈ U(A)0 for all g, h ∈ G. Suppose that N ⊂ G is a normal
subgroup such that G/N ∼= Z. Take ξ ∈ G so that G is generated by N and ξ. If
u(g, h) = 1 and u(gξl, ξm) = 1 ∀g, h ∈ N, l,m ∈ Z,
then the unitaries uˇg = u(ξ, ξ
−1gξ) form an α|N -cocycle and κ3(α, u) equals j¯(κ2(α|N, uˇ)),
where j¯ : H2(N,K0(A))→ H
3(G,K0(A)) is a homomorphism defined in Section 7.2.
Proof. By Lemma 5.4, (uˇg)g∈N is an α|N -cocycle satisfying
αξ ◦ αξ−1gξ ◦ α
−1
ξ = Ad uˇg ◦ αg ∀g ∈ N.
For l ∈ Z and g ∈ N , we put uˇl,g = u(ξ
l, ξ−lgξl). Similarly, we can check that (uˇl,g)g is an
α|N -cocycle satisfying
αξl ◦ αξ−lgξl ◦ α
−1
ξl
= Ad uˇl,g ◦ αg
and
αξl(uˇm,ξ−lgξl)uˇl,g = uˇl+m,g.
For g ∈ N , let u˜g : [0, 1]→ U(A) be a continuous map such that u˜g(0) = 1 and u˜g(1) = uˇg.
Then we can construct continuous maps u˜l,g : [0, 1] → U(A) for l ∈ Z and g ∈ N such
that u˜1,g = u˜g, u˜l,g(0) = 1, u˜l,g(1) = uˇl,g and
αξl(u˜m,ξ−lgξl)u˜l,g = u˜l+m,g,
where (id⊗α, 1 ⊗ u) : G y C([0, 1]) ⊗ A is abbreviated as (α, u) for simplicity. Define
ρl : N
2 → K1(SA) by
ρl(g, h) = K1
(
u˜l,gαg(u˜l,h)u˜
∗
l,gh
)
,
which is a 2-cocycle by Lemma 7.5 and whose cohomology class is κ2(α|N, uˇl). For any
g, h ∈ N and l,m ∈ Z, we have
K1
(
u˜l+m,gαg(u˜l+m,h)u˜
∗
l+m,gh
)
= K1
(
αξl(u˜m,ξ−lgξl)u˜l,g · αg(αξl(u˜m,ξ−lhξl)u˜l,h) · (αξl(u˜m,ξ−lghξl)u˜l,gh)
∗
)
= K1
(
αξl(u˜m,ξ−lgξl)u˜l,guˇ
∗
l,gαξl(αξ−lgξl(u˜m,ξ−lhξl))uˇl,gαg(u˜l,h)u˜
∗
l,ghαξl(u˜m,ξ−lghξl)
∗
)
= K1
(
αξl(u˜m,ξ−lgξl)αξl(αξ−lgξl(u˜m,ξ−lhξl))u˜l,gαg(u˜l,h)u˜
∗
l,ghαξl(u˜m,ξ−lghξl)
∗
)
= K1
(
αξl(u˜
∗
m,ξ−lghξlu˜m,ξ−lgξlαξ−lgξl(u˜m,ξ−lhξl))
)
+K1
(
u˜l,gαg(u˜l,h)u˜
∗
l,gh
)
.
Hence ρl+m = ρl + ξ
lρm is obtained. It follows from Lemma 7.12 that j¯(κ
2(α|N, uˇ)) is
given by the cohomology class of the 3-cocycle
(gξl, hξm, kξn)
7→ −g · ρl(ξ
lhξ−l, ξl+mkξ−l−m)
= −g ·K1
(
u˜l,ξlhξ−l · αξlhξ−l(u˜l,ξl+mkξ−l−m) · u˜
∗
l,ξlhξ−lξl+mkξ−l−m
)
∈ K1(SA) = K0(A).
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Now let us consider κ3(α, u) ∈ H3(G,K0(A)). Since
u(gξl, hξm) = αg(u(ξ
l, h)) = αg(uˇl,ξlhξ−l),
αg(u˜l,ξlhξ−l) is a continuous path connecting 1 to u(gξ
l, hξm) in U(A)0. Then κ
3(α, u) is
given by the 3-cocycle
(gξl, hξm, kξn) 7→ K1
(
αgξl(αh(u˜m,ξmkξ−m)) · αg(u˜l,ξlhξmkξ−mξ−l)
·αgξlhξ−l(u˜l+m,ξl+mkξ−l−m)
∗ · αg(u˜l,ξlhξ−l)
∗
)
∈ K1(SA).
One has
K1
(
αgξl(αh(u˜m,ξmkξ−m))αg(u˜l,ξlhξmkξ−mξ−l)αgξlhξ−l(u˜l+m,ξl+mkξ−l−m)
∗αg(u˜l,ξlhξ−l)
∗
)
= K1
(
αg
(
u(ξl, h)αξlh(u˜m,ξmkξ−m)u(ξ
l, h)∗u˜l,ξlhξ−lξl+mkξ−l−m
αξlhξ−l(u˜l+m,ξl+mkξ−l−m)
∗u˜∗l,ξlhξ−l
))
= g ·K1
(
uˇl,ξlhξ−lαξlh(u˜m,ξmkξ−m)uˇ
∗
l,ξlhξ−l u˜l,ξlhξ−lξl+mkξ−l−m
αξlhξ−l(αξl(u˜m,ξmkξ−m)u˜l,ξl+mkξ−l−m)
∗u˜∗l,ξlhξ−l
)
= g ·K1
(
uˇl,ξlhξ−lαξlh(u˜m,ξmkξ−m)uˇ
∗
l,ξlhξ−l u˜l,ξlhξ−l u˜
∗
l,ξlhξ−lu˜l,ξlhξ−lξl+mkξ−l−m
αξlhξ−l(u˜l,ξl+mkξ−l−m)
∗αξlh(u˜m,ξmkξ−m)
∗u˜∗l,ξlhξ−l
)
= g ·K1
(
u˜l,ξlhξ−lαξlh(u˜m,ξmkξ−m)u˜
∗
l,ξlhξ−l u˜l,ξlhξ−lξl+mkξ−l−m
αξlhξ−l(u˜l,ξl+mkξ−l−m)
∗αξlh(u˜m,ξmkξ−m)
∗u˜∗l,ξlhξ−l
)
= g ·K1
(
u˜∗l,ξlhξ−lu˜l,ξlhξ−lξl+mkξ−l−mαξlhξ−l(u˜l,ξl+mkξ−l−m)
∗
)
= −g ·K1
(
u˜l,ξlhξ−l · αξlhξ−l(u˜l,ξl+mkξ−l−m) · u˜
∗
l,ξlhξ−lξl+mkξ−l−m
)
.
Therefore κ3(α, u) is equal to j¯(κ2(α|N, uˇ)).
Lemma 8.4. Let G be a poly-Z group of Hirsch length three and let (α, u) be a cocycle
action of G belonging to AC(O∞, µ
G). If u(g, h) ∈ U(A)0 and κ
3(α, u) = 0, then there
exists a family of unitaries (vg)g∈G in U(A)0 such that u(g, h) = αg(v
∗
h)v
∗
gvgh for all
g, h ∈ G.
Proof. We note that κ3(α, u) is invariant under perturbation by unitaries in U(A)0 (see
Lemma 8.2). There exists a normal poly-Z subgroup N ⊂ G of Hirsch length two and
ξ ∈ G such that G is generated by N and ξ. By Lemma 7.3, we may assume that
u(g, h) = 1 for all g, h ∈ N . By a cocycle perturbation, we may further assume that
u(gξl, ξm) = 1 for all g ∈ N and l,m ∈ Z. It follows from Lemma 5.4 that the unitaries
uˇg = u(ξ, ξ
−1gξ) ∈ U(A)0
form an α|N -cocycle satisfying
αξ ◦ αξ−1gξ ◦ α
−1
ξ = Ad uˇg ◦ αg ∀g ∈ N.
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By Lemma 8.3, we get j¯(κ2(α|N, uˇ)) = κ3(α, u) = 0, and so there exists a 2-cocycle
ρ : N2 → K1(SA) such that
κ2(α|N, uˇ) = [ρ− ξρ].
By Lemma 7.14, we can find an α|N -cocycle (vg)g∈N in U(A)0 such that κ
2(α|N, v) = [ρ].
Letting vgξl = vg for g ∈ N and l ∈ Z, we obtain a family of unitaries (vg)g∈G in U(A)0.
Consider the cocycle action (αv , uv). We still have
uv(g, h) = 1 and uv(gξl, ξm) = 1 ∀g, h ∈ N, l,m ∈ Z.
Besides,
αvξ ◦ α
v
ξ−1gξ ◦ (α
v
ξ )
−1 = Ad(αξ(vξ−1gξ)uˇgv
∗
g) ◦ α
v
g
holds true for all g ∈ N , where wg = αξ(vξ−1gξ)uˇgv
∗
g form an α
v |N -cocycle. By means of
Lemma 7.6, one gets
κ2(αv|N,w) = [ξρ] + κ2(α|N, uˇ)− [ρ] = 0.
Then, Lemma 7.8 tells us that the αv |N -cocycle (wg)g can be approximated by cobound-
aries. Therefore, by a suitable perturbation, we may further assume that uv(g, h) is close
to 1 on a finite generating subset of G. Then, by the H2-stability of G (Theorem 5.14),
we can conclude that (uv(g, h))g,h∈G is a coboundary.
Let A be a unital C∗-algebra such thatK1(A) is canonically isomorphic to U(A)/U(A)0.
Let (α, u) : G y A be a cocycle action of a countable discrete group G. Assume that
u(g, h) is in U(A)0 for all g, h ∈ G. We define a homomorphism h
1,3
(α,u) : H
1(G,K1(A)) →
H3(G,K0(A)) as follows. Let η : G → K1(A) be a 1-cocycle. Choose vg ∈ U(A) so that
K1(vg) = η(g). Then K1(u
v(g, h)) = 0 and κ3(αv , uv) ∈ H3(G,K0(A)) is defined. By
Lemma 8.2, κ3(αv , uv) does not depend on the choice of (vg)g∈G, which also implies that
it depends only on the cohomology class [η] ∈ H1(G,K1(A)). We denote by h
1,3
(α,u) the
map
H1(G,K1(A)) ∋ [η] 7→ κ
3(αv , uv)− κ3(α, u) ∈ H3(G,K0(A)).
Lemma 8.5. The map h1,3(α,u) : H
1(G,K1(A))→ H
3(G,K0(A)) is a homomorphism.
Proof. Consider (α ⊗ id, u⊗ 1) : Gy A⊗M2. Clearly, we have h
1,3
(α,u) = h
1,3
(α⊗id,u⊗1). Let
η : G → K1(A) and ζ : G → K1(A) be 1-cocycles. Choose vg ∈ U(A) and wg ∈ U(A) so
that K1(vg) = η(g) and K1(wg) = ζ(g). Let zg = diag(vg, wg) ∈ U(A ⊗M2). Then we
obtain
h1,3(α,u)([η] + [ζ]) = h
1,3
(α⊗id,u⊗1)([η] + [ζ])
= κ3((α⊗ id)z, (u⊗ 1)z)− κ3(α⊗ id, u⊗ 1)
= κ3(αv, uv) + κ3(αw, uw)− 2κ3(α, u)
= h1,3(α,u)([η]) + h
1,3
(α,u)([ζ]),
which means that h1,3(α,u) is a homomorphism.
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When (α, 1) : Gy A is a genuine action, we write h1.3(α,1) = h
1,3
α .
Let A be a unital Kirchberg algebra and let (α, u) : Gy A be a cocycle action such that
u(g, h) ∈ U(A)0. Regarding α as an action of G on A♭, we also obtain a homomorphism
H1(G,K1(A♭)) to H
3(G,K0(A♭)) We denote it by h˜
1,3
α .
Lemma 8.6. Let p ∈ A be a projection such that K0(p) ∈ K0(A)
G. Then we have
h1,3(α,u) ◦ p∗ = p∗ ◦ h˜
1,3
α .
Proof. Notice that K∗(A) is canonically isomorphic to K∗(A
♭) via the embedding A→ A♭.
Let η : G → K1(A♭) be a 1-cocycle. Take a family (vg)g of unitaries in U(A♭) satisfying
K1(vg) = η(g) for every g ∈ G. Set v˜g = vgp+ (1−p) ∈ U(A
♭). For each g ∈ G, we choose
a unitary wg ∈ U(A)0 so that wgpw
∗
g = αg(p). Under the identification of K1(A) with
K1(A
♭), one has p∗(η(g)) = K1(v˜gw
∗
g). Then
v˜gw
∗
gαg(v˜hw
∗
h)u(g, h)wghv˜
∗
gh
= (vgp+ 1−p)w
∗
gαg(vhp+ 1−p)wgw
∗
gαg(w
∗
h)u(g, h)wgh(vghp+ 1−p)
∗
= (vgαg(vh)v
∗
ghp+ 1−p) · w
∗
gαg(w
∗
h)u(g, h)wgh,
which implies
(h1,3(α,u) ◦ p∗)([η]) + κ
3(α, u) = (p∗ ◦ h˜
1,3
α )([η]) + κ
3(α, u).
Therefore h1,3(α,u) ◦ p∗ = p∗ ◦ h˜
1,3
α is obtained.
Remark 8.7. Let A be a unital Kirchberg algebra which is stably isomorphic to On or
O∞, and let (α, u) : Gy A be a cocycle action such that KK(αg) = 1A for each g ∈ G. As
K1(A) is trivial, h
1,3
(α,u) is zero. There exists a projection p ∈ A such that K0(p) generates
K0(A), and p∗ : K0(A♭) → K0(A) is an isomorphism. It follows from the lemma above
that h˜1,3α is zero.
We would like to introduce an obstruction class o3((α, u), β). Let (α, u) be a cocycle
action of a countable discrete group G on a unital Kirchberg algebra A. Let β be an action
of G on A. Assume KK(αg) = KK(βg) for all g ∈ G. We choose a family (vg)g∈G of
unitaries in A♭ satisfying (Ad vg ◦ αg)(a) = βg(a) for every a ∈ A. Define a cocycle action
(σ,w) : Gy A♭ by σg = Ad vg ◦αg and w(g, h) = vgαg(vh)u(g, h)v
∗
gh. Assume further that
o
2((α, u), β) = 0 (see Section 7.1 for the definition of o2). Then, we can choose the family
(vg)g∈G so that w(g, h) ∈ U(A♭)0 for all g, h ∈ G. Hence, κ
3(σ,w) ∈ H3(G,K0(A♭))
can be defined. When (v′g)g is another family in U(A
♭) with the same properties and
(σ′, w′) : Gy A♭ is the cocycle action arising from (v
′
g)g, v
′
gv
∗
g is in U(A♭) and
κ3(σ′, w′)− κ3(σ,w) = h1,3(σ,w)([η]),
where η : G → K1(A♭) is the 1-cocycle given by g 7→ K1(v
′
gv
∗
g). Remember that
Ki(αg|A♭) = Ki(βg|A♭) = Ki(σg) holds true for i = 0, 1 and g ∈ G by Lemma 7.1.
Lemma 8.8. In the setting above, we have h1,3(σ,w) = h˜
1,3
α .
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Proof. Choose a path of unitaries w˜(g, h) : [0, 1] → U(A♭) such that w˜(g, h)(0) = 1 and
w˜(g, h)(1) = w(g, h).
Let η : G → K1(A♭) be a 1-cocycle. We choose xg ∈ K1(A♭) so that K1(xg) = η(g).
By the rescaling argument, we may assume
[σgh(xk), w˜(g, h)(t)] = 0, [αg(xh), vg] = 0
hold for all g, h, k ∈ G and t ∈ [0, 1] (here we have used Theorem 6.1). Furthermore, we
may assume that there exists a path of unitaries x˜(g, h) : [0, 1]→ U(A♭) such that
x˜(g, h)(0) = 1, x˜(g, h)(1) = xgσg(xh)x
∗
gh = xgαg(xh)x
∗
gh.
and
[αg(x˜(h, k)(t)), vg ] = 0 ∀g, h, k ∈ G, t ∈ [0, 1].
Then the concatenation of the paths t 7→ x˜(g, h)(t) and t 7→ xgσg(xh)w˜(g, h)(t)x
∗
gh gives a
path connecting 1 to wx(g, h) = xgσg(xh)w(g, h)x
∗
gh. It is easy to see
σxg (xhσh(xk)w˜(h, k)(t)x
∗
hk) · xgσg(xhk)w˜(g, hk)(t)x
∗
ghk
· (xghσgh(xk)w˜(gh, k)(t)x
∗
ghk)
∗ · (xgσg(xh)w˜(g, h)(t)x
∗
gh)
∗
= xgσg(xhσh(xk))σg(w˜(h, k)(t))w˜(g, hk)(t)w˜(gh, k)(t)
∗σgh(x
∗
k)w˜(g, h)(t)
∗σg(x
∗
h)x
∗
g
= xgσg(xh)σgh(xk) · σg(w˜(h, k)(t))w˜(g, hk)(t)w˜(gh, k)(t)
∗w˜(g, h)(t)∗ · σgh(x
∗
k)σg(x
∗
h)x
∗
g
and
σxg (x˜(h, k)(t))x˜(g, hk)(t)x˜(gh, k)(t)
∗x˜(g, h)(t)∗
= αxg(x˜(h, k)(t))x˜(g, hk)(t)x˜(gh, k)(t)
∗x˜(g, h)(t)∗.
Hence we have
κ3(σx, wx) = κ3(σ,w) + κ3(αx, 1x),
which means h1,3(σ,w)([η]) = h˜
1,3
α ([η]).
Definition 8.9. Let (α, u) : G y A, β : G y A and (σ,w) : G y A♭ be as above. We
define
o
3((α, u), β) = κ3(σ,w) + Ima h˜1,3α ∈ H
3(G,K0(A♭))/ Ima h˜
1,3
α .
By the lemma above, o3((α, u), β) does not depend on the choice of (vg)g, and o
3((α, u), β) =
0 if and only if the family (vg)g can be chosen so that κ
3(σ,w) = 0. When α is a genuine
action, we write o3(α, β) = o3((α, 1), β).
Now we are ready to prove the following theorem.
Theorem 8.10. Let A be a unital Kirchberg algebra and let G be a poly-Z group of Hirsch
length three. Let (α, u) : Gy A be an outer cocycle action and let β : Gy A be an outer
action. The following are equivalent.
(1) (α, u) and β are KK-trivially cocycle conjugate.
(2) KK(αg) = KK(βg) for all g ∈ G, o
2((α, u), β) = 0 and o3((α, u), β) = 0.
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Proof. (1)⇒(2) is obvious from Lemma 7.9.
Let us show the converse. Define the cocycle action (σ,w) : G y A♭ as above. By
o
2((α, u), β) = 0 and o3((α, u), β) = 0, we may assume K1(w(g, h)) = 0 in K1(A♭) and
κ3(σ,w) = 0 for every g, h ∈ G. It follows from Lemma 8.4 and Lemma 7.9 that (α, u)
and β are KK-trivially cocycle conjugate.
8.2 Existence
In this subsection, we discuss existence of outer (cocycle) actions of poly-Z groups of
Hirsch length three with prescribed K-theoretic data.
Theorem 8.11. Let G be a poly-Z group of Hirsch length three. Let A be a unital Kirchberg
algebra.
(1) Let α : G y A be an action. For any c ∈ H2(G,KK1(A,A)), there exists an outer
cocycle action (β, v) : G y A such that KK(αg) = KK(βg) for all g ∈ G and
o
2((β, v), α) = c.
(2) Let α : G y A be an action. For any c ∈ H3(G,KK(A,A)), there exists an outer
cocycle action (β, v) : G y A such that KK(αg) = KK(βg) for all g ∈ G and
o2((β, v), α) = 0 and o3((β, v), α) = c+ Ima h˜1,3β .
Proof. There exists a normal poly-Z subgroup N ⊂ G (of Hirsch length two) and ξ ∈ G
such that G is generated by N and ξ.
(1) First we claim that the statement is true if A is in the Cuntz standard form. Let
α : G y A be an action and let c ∈ H2(G,KK1(A,A)) = H2(G,K1(A♭)). By (7.1), we
have the short exact sequence
0 −→ H1(Z,H1(N,K1(A♭))
j
−→ H2(G,K1(A♭))
q
−→ H2(N,K1(A♭))
Z −→ 0.
Since N is a poly-Z group of Hirsch length two and A is in the Cuntz standard form, by
Theorem 7.16 (2) and Theorem 4.17, there exists an outer action β : N y A such that
KK(βg) = KK(αg) for all g ∈ N and o
2(β, α|N) = q(c). Define β′ : N y A by
β′g = αξ ◦ βξ−1gξ ◦ α
−1
ξ .
Clearly KK(β′g) = KK(αg) for any g ∈ N . Because o
2(β, α|N) = q(c) belongs to
H2(N,K1(A♭))
Z, we also obtain o2(β′, α|N) = o2(β, α|N). Therefore o2(β, β′) = 0. It
follows from Theorem 7.11 that β and β′ are KK-trivially cocycle conjugate. Thus there
exist γ ∈ Aut(A) and a β-cocycle (cg)g in A such that KK(γ) = 1A and
(γ ◦ αξ) ◦ βξ−1gξ ◦ (γ ◦ αξ)
−1 = Ad cg ◦ βg
holds true for any g ∈ N . Hence β : N y A extends to a cocycle action (β, v) : G y A
such that KK(βg) = KK(αg) for all g ∈ G and q(o
2((β, v), α)) = q(c). We may replace
(β, v) with a genuine action β′′ because A is in the Cuntz standard form.
Now suppose that a 1-cocycle ρ : N → K1(A♭) satisfies j¯([ρ]) = c− o
2(β′′, α). Since N
is a poly-Z group of Hirsch length two, by Lemma 7.4, there exists a β′′|N -cocycle (ug)g
in A♭ such that K1(ug) = ρ(g) for g ∈ N . In exactly the same way as Theorem 7.16 (2),
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we can find a cocycle action (β′′′, w) : Gy A such that KK(β′′′g ) = KK(β
′′
g ) for all g ∈ G
and o2((β′′′, w), β′′) = j¯([ρ]). We may replace (β′′′, w) with a genuine action, because A is
in the Cuntz standard form. Then the proof of the claim is completed by the chain rule.
Let A be a unital Kirchberg algebra which is not necessarily in the Cuntz standard
form. Let α : Gy A be an outer action and let c ∈ H2(G,KK1(A,A)) = H2(G,K1(A♭)).
We consider the action α ⊗ id : G y A ⊗ O. By the proof above, there exists an outer
action β : G y A ⊗ O such that KK(βg) = KK(αg ⊗ id) and o
2(β, α ⊗ id) = c. Take a
projection p ∈ O such that pOp ∼= O∞. Since K0(βg) fixes K0(1 ⊗ p) for every g ∈ G, β
induces a cocycle action (β, 1)1⊗p : Gy A⊗ pOp (see Section 4.4). It is routine to check
o
2((β, 1)1⊗p, α⊗ id) = c in H2(G,KK1(A⊗pOp,A⊗pOp)). Then the proof is completed,
because α⊗ id : Gy A⊗pOp is cocycle conjugate to α via an isomorphism asymptotically
unitarily equivalent to the embedding a 7→ a⊗ p.
(2) By (7.1), j : H1(Z,H2(N,K0(A♭))) → H
3(G,K0(A♭)) is an isomorphism, and
hence there exists c′ ∈ H2(N,K0(A♭)) such that j¯(c
′) = c. By Lemma 7.14, we can find
an α|N -cocycle (ug)g∈N in U(A♭)0 satisfying κ
2(α|N,u) = c′. By Lemma 7.15, there exist
a cocycle action (β, v) : G y A ⊗ O∞ and a family (xg)g∈G of unitaries in (A ⊗ O∞)
♭
satisfying the following.
• βg = αg ⊗ µ
G
g , v(g, h) = 1, v(gξ
l, ξm) = 1, xg = 1 for all g, h ∈ N and l,m ∈ Z.
• (αg ⊗ µ
G
g )(a) = (Ad xg ◦ βg)(a) holds for all g ∈ G and a ∈ A.
• When we put w(g, h) = xgβg(xh)v(g, h)x
∗
gh for g, h ∈ G,
w(g, h) = 1, w(gξl, ξm) = 1 and w(ξ, g) = uξgξ−1 ⊗ 1
hold for any g, h ∈ N and l,m ∈ Z.
Let σg = Adxg ◦ βg and consider the cocycle action (σ,w) : Gy A♭. As K1(w(g, h)) = 0
for all g, h ∈ G, o2((β, v), α ⊗ µG) = 0. Thanks to Lemma 8.3, we can conclude that
κ3(σ,w) = j¯(κ2(σ|N, wˇ)) = j¯(κ2((α⊗ µG)|N,u⊗ 1)) = j¯(c′) = c,
which implies o3((β, v), α ⊗ µG) = c+ Ima h˜1,3β .
Remark 8.12. Let ϕ : G → KK(A,A)−1∗ be a homomorphism. In general, we do not
know whether ρ is realized by a cocycle action Gy A or not.
Recall that a cocycle action (α, u) : Gy A is said to be locallyKK-trivial ifKK(αg) =
1A for all g ∈ G. The following corollary gives a complete classification of locally KK-
trivial outer actions of poly-Z groups of Hirsch length three on the algebras On ⊗O and
O.
Corollary 8.13. Let G be a poly-Z group of Hirsch length three. Let A be a unital
Kirchberg algebra in the Cuntz standard form. We regard KKi(A,A) as trivial G-modules.
(1) For each c ∈ H2(G,KK1(A,A)), there exists a locally KK-trivial outer action α :
Gy A such that o2(α, id) = c.
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(2) Assume further that A is stably isomorphic to On or O∞. For each c ∈ H
2(G,KK1(A,A)),
we choose and fix an outer action αc : Gy A as above. Then the association
β 7→ (o2(β, id), o3(β, αo
2(β,id)))
gives a bijective correspondence between the set of KK-trivially cocycle conjugacy
classes of locally KK-trivial outer actions β : G y A and H2(G,KK1(A,A)) ×
H3(G,KK(A,A)).
Proof. (1) The assertion follows from Theorem 8.11 (1) and Theorem 4.17.
(2) By Remark 8.7, h˜1,3β is zero for any cocycle action (β, v) : G y A. Then the
assertion follows from Theorem 8.10, Theorem 8.11 and Theorem 4.17.
The following corollary gives a complete classification of outer cocycle actions of poly-Z
groups of Hirsch length three on the algebras On and O∞.
Corollary 8.14. Let G be a poly-Z group of Hirsch length three. Let A be the Cuntz algebra
On or O∞. We regard KK
i(A,A) as trivial G-modules. For each c ∈ H2(G,KK1(A,A)),
we choose and fix a locally KK-trivial outer action αc : Gy A⊗O such that o2(αc, id) = c.
Then the association
(β, v) 7→
(
o
2((β, v), id), o3((β ⊗ id, v ⊗ 1), αo
2((β,v),id))
)
gives a bijective correspondence between the set of KK-trivially cocycle conjugacy classes
of outer cocycle actions (β, v) : Gy A and H2(G,KK1(A,A)) ×H3(G,KK(A,A)).
Proof. This is an immediate consequence of Corollary 8.13 and Theorem 4.18.
In order to discuss classification of genuine actions on the Cuntz algebras On, we would
like to introduce a homomorphism
h0,3(α,u) : H
0(G,K0(A))→ H
3(G,K0(A)).
Let A be a unital Kirchberg algebra with K1(A) = 0. Let (α, u) : G y A be a cocycle
action of a countable discrete group G. Let p ∈ A \ {0} be a projection such that K0(p) ∈
K0(A)
G. As in Section 4.4, we choose partial isometries xg ∈ A so that xgx
∗
g = p and
x∗gxg = αg(p), and consider (α
x, ux) : G y pAp. Since ux(g, h) is in U(pAp) = U(pAp)0
for every g, h ∈ G, we can consider κ3(αx, ux) ∈ H3(G,K0(A)) (see Section 8.1 for the
definition of κ3). Let h0,3(α,u) be the map
H0(G,K0(A)) ∋ K0(p) 7→ κ
3(αx, ux) ∈ H3(G,K0(A)).
We can show that h0,3(α,u) is a homomorphism. Clearly h
0,3
(α,u)(K0(1)) is equal to κ
3(α, u).
When (α, 1) : G y A is a genuine action, we write h0.3(α,1) = h
0,3
α . Evidently one has
h0,3α (K0(1)) = κ
3(α, 1) = 0.
Lemma 8.15. Suppose that A is a unital Kirchberg algebra with K1(A) trivial. Let (α, u)
be a cocycle action of a countable discrete group G on A and let β be an action of G
on A with KK(αg) = KK(βg) for all g ∈ G. Let p ∈ A be a non-zero projection with
K0(p) ∈ K0(A)
G. Assume that o2((α, u), β) = 0. Then one has
p∗(o
3((α, u), β)) = h0,3(α,u)(K0(p))− h
0,3
β (K0(p)).
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Proof. Since K1(A) is trivial, h
1,3
(α,u) is obviously a zero map. Hence, by Lemma 8.6,
p∗(o
3((α, u), β)) is well-defined as an element in H3(G,K0(A)).
Notice that K0(A) is canonically isomorphic to K0(A
♭) via the embedding A → A♭.
Choose a family of unitaries (vg)g in A
♭ so that
(Ad vg ◦ αg)(a) = βg(a), w(g, h) = vgαg(vh)u(g, h)v
∗
gh ∈ U(A♭)0
for all g, h ∈ G and a ∈ A. Let xg ∈ A be a partial isometry satisfying xgx
∗
g = p
and x∗gxg = βg(p). Then yg = xgvg ∈ A
♭ is a partial isometry satisfying ygy
∗
g = p and
y∗gyg = αg(p). We have
ygαg(yh)u(g, h)y
∗
gh = xgvgαg(xhvh)u(g, h)v
∗
ghx
∗
gh
= xgβg(xh)vgαg(vh)u(g, h)v
∗
ghx
∗
gh
= xgβg(xh)x
∗
gh · pw(g, h).
This equation implies h0,3(α,u)(K0(p)) = h
0,3
β (K0(p)) + p∗(o
3((α, u), β)).
Proposition 8.16. Let G be a poly-Z group of Hirsch length three and let A be a unital
Kirchberg algebra. Suppose that K1(A) is trivial and the homomorphism 1∗ : K0(A♭) →
K0(A) is surjective. Let (α, u) : G y A be an outer cocycle action. Then there exists an
outer action β : Gy A such that KK(αg) = KK(βg) for every g ∈ G and o
2((α, u), β) =
0.
Proof. Let p ∈ O be a projection such that pOp ∼= O∞. By Theorem 4.17, (α⊗ id, u⊗ 1) :
Gy A⊗O is KK-trivially cocycle conjugate to an outer action α′ : Gy A⊗O. Put
c = h0,3α′ (K0(1⊗ p)) ∈ H
3(G,K0(A⊗O)).
Since 1∗ : K0(A♭)→ K0(A) is surjective, (1⊗p)∗ : K0((A⊗O)♭)→ K0(A⊗O) is surjective.
Hence
(1⊗ p)∗ : H
3(G,K0((A⊗O)♭))→ H
3(G,K0(A⊗O))
is also surjective, because G is a poly-Z group of Hirsch length three. Therefore we can
find c′ ∈ H3(G,K0((A ⊗ O)♭)) such that (1 ⊗ p)∗(c
′) = c. It follows from Theorem
8.11 (2) and Theorem 4.17 that there exists an outer action β : G y A ⊗ O such that
KK(α′g) = KK(βg), o
2(β, α′) = 0 and o3(β, α′) = −c′. Thus,
(1⊗ p)∗(o
3(β, α′)) = (1⊗ p)∗(−c
′) = −c = −h0,3α′ (K0(1⊗ p)).
On the other hand, by Lemma 8.15,
(1⊗ p)∗(o
3(β, α′)) = h0,3β (K0(1⊗ p))− h
0,3
α′ (K0(1⊗ p)),
and so h0,3β (K0(1⊗ p)) = 0. Moreover,
h0,3β (K0(1− 1⊗ p)) = h
0,3
β (K0(1)) − h
0,3
β (K0(1⊗ p)) = 0− 0 = 0.
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Hence, by Lemma 8.4, both (β, 1)1⊗p and (β, 1)1−1⊗p are cocycle conjugate to genuine
actions. Therefore we can perturb β by a β-cocycle so that βg(1 ⊗ p) = 1 ⊗ p for every
g ∈ G. Then from Lemma 4.16 (2), we get
o
2((α ⊗ id, u⊗ 1)1⊗p, β1⊗p) = o2((α′, 1)1⊗p, β1⊗p) = o2(α′, β) = 0.
By Remark 4.15, (α ⊗ id, u ⊗ 1)1⊗p : G y A ⊗ pOp is cocycle conjugate to (α, u), which
completes the proof.
Remark 8.17. Suppose that A satisfies the UCT and K1(A) is trivial. Then K0(A♭) =
KK(A,A) is isomorphic to Hom(K0(A),K0(A)), and the homomorphism 1∗ : K0(A♭) →
K0(A) is equal to
Hom(K0(A),K0(A)) ∋ ψ 7→ ψ(K0(1)) ∈ K0(A).
In particular, the Cuntz algebras On satisfy the hypothesis of Proposition 8.16.
The following corollary gives a complete classification of genuine actions of poly-Z
groups of Hirsch length three on the algebras On.
Corollary 8.18. Let G be a poly-Z group of Hirsch length three and let A be the Cuntz al-
gebra On. The association α 7→ o
2(α, id) gives a bijective correspondence between the set of
KK-trivially cocycle conjugacy classes of outer actions α : Gy A and H2(G,KK1(A,A)).
Proof. By the remark above, 1∗ : K0(A♭) → K0(A) is an isomorphism. As G is a poly-Z
group of Hirsch length three, 1∗ : H
3(G,K0(A♭))→ H
3(G,K0(A)) is also an isomorphism.
When α and β are actions of G on A such that o2(α, β) = 0, by Lemma 8.15, we have
1∗(o
3(α, β)) = h0,3α (K0(1)) − h
0,3
β (K0(1)) = 0− 0 = 0.
Thus o3(α, β) = 0. Therefore, the injectivity of α 7→ o2(α, id) follows from Theorem 8.10.
The surjectivity of α 7→ o2(α, id) follows from Theorem 8.11 (1) and Proposition 8.16.
Example 8.19. (1) For G = Z3, we have
H2(Z3,KK1(On,On)) ∼= H
2(Z3,Zn−1) ∼= (Zn−1)
3
and
H3(Z3,KK(On,On)) ∼= H
3(Z3,Zn−1) ∼= Zn−1.
Hence, there exist exactly (n−1)3 cocycle conjugacy classes of outer Z3-actions on
On, and there exist exactly (n−1)
4 cocycle conjugacy classes of outer cocycle actions
of Z3 on On.
(2) Let G be the discrete Heisenberg group. We have
H2(G,KK1(On,On)) ∼= H
2(G,Zn−1) ∼= (Zn−1)
2
and
H3(G,KK(On,On)) ∼= H
3(G,Zn−1) ∼= Zn−1.
Hence, there exist exactly (n−1)2 cocycle conjugacy classes of outer G-actions on
On, and there exist exactly (n−1)
3 cocycle conjugacy classes of outer cocycle actions
of G on On.
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Example 8.20. Let G be a poly-Z group of Hirsch length three. By Corollary 8.14, there
exists a bijective correspondence between the set of cocycle conjugacy classes of outer
cocycle actions G y O∞ and H
3(G,Z), while outer actions G y O∞ are unique up to
cocycle conjugacy.
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